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Numerical solution of shielding problem for
3D model of electrostatics in the presence of
anisotropic layer

An economical numerical algorithm for solving the problem of designing a shielding
device for a 3D model of electrostatics is proposed and implemented. The algorithm
is based on the use of a multilayered shell. Its first layer is anisotropic, and the re-
maining layers are filled with one of two predefined isotropic materials according to
an alternating design scheme. It is shown that the applying of the developed algo-
rithm enables us to design easy-to-implement shielding shells with high efficiency.
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Introduction

In recent years, much attention has been paid to the development of design technologies
for devices for electrical cloaking and shielding of material bodies [1-3]. An important
trend in electrical shielding is associated with the use of radially anisotropic cylindrical or
spherical shells (see [4-6]). It was shown in [4] that a high cloaking effect can be achieved
even for a single-layer cylindrical shell, but in the case of a small diameter of the cloaked
body and/or at a very high anisotropy coefficient.

We also note a series of works [9-15] related to the development of efficient numer-
ical algorithms for solving the design problems of cylindrical or spherical cloaking and
shielding devices for models of electrostatics and magnetostatics.

In this article, we will consider a more general physical scenario, when a multilayer
shell with generally anisotropic layers is used for shielding. Using the results of [13-15] we
propose below an economical numerical algorithm for solving design problem of shielding
shell (hereafter shield) for 3D model of electrostatics. The algorithm is based on using
M-layered spherical shell. The first layer of this shell is anisotropic while remaining
M —1 layer are homogeneous, isotropic and their permittivities are obeyed the alternating
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design rule with respect to the given pair permittivities emin, Emax- We show with the
help of numerical experiments that our algorithm enables us to design layered shielding
shells having high efficiency and simplicity of technical realization.

1 Statement of direct and inverse problems

We start with formulation of the direct problem of electrostatics, considered in the entire
space R3. Let us assume that the space R? is filled with a homogeneous medium with a
constant permittivity g > 0 and that a constant electric field E, = —gradU, is created
in R3 corresponding to the electric potential U, described in spherical coordinates r, 6, ¢
by the formula U, (r,8) = —E‘”’f”se, where F, = const, b = const. Let us further assume
that an object (Q,¢) where €2 is a spherical layer Q = {x € R3 : @ < r < b}, € is the
permittivity of the medium filling € is placed into R®. Then the field U, changes and
takes the form U = U, + Us. Here Us is the scattered (electrical) response of the object
caused by the placing of an object (£2,¢) into R3.

We assume that the medium occupying the region 2 is piecewise homogeneous in the
sense that ) can be divided into a finite number of elementary spherical layers

Qm = {Rm—l <r= |X| < R"m}a m = 1727 "'7M7 Ry = a, Ry = b7 (1)

of the same width d = (b — a)/M. Each of them is filled with a homogeneous anisotropic
(generally) medium, whose constant permittivity e,, is described by the diagonal in
spherical coordinates tensor e, = diag(eqm,etm), m = 1,2,..., M. Here €., (Or €4y,) is
the radial (or tangential) component of the tensor &,,. This partition of 2 into parts Q,,
corresponds to the following global radial and tangential permittivities ¢,, €, of 1

M M
er(x) = Z ErmXm(X), X €Q, g(x) = Z EtmXm(X), x € Q. (2)
m=1 m=1

Here ., is the characteristic function of the elementary layer €,,, which is equal to
one in (), and zero outside €2,,. Below, to describe a piecewise homogeneous medium
filling €2, we will use the vector e = (e,1, €1, .-, €rm, €tm ), composed of the permeabilities
€m = (Erm,Etm) of individual layers Q,,, and the pair (2, e) will be referred to as the
electrical (material) shell.

In addition to the sets (1), we define the sets Qy = {x € R? : [x| < a} and Q11 =
{x € R®: |x| > b} and set U, = Ulg,,, m =0,1,..., M + 1. Then the direct problem of
finding the total field U = (Uy, Uy, ..., Upr41) reduces to finding all M +2 fields U, in the
regions ,,,, m = 0,1,..., M 4+ 1 by solving the following electrical conjugation problem:

AUO =0in Qo, AU]V[+1 =0in QM+1, div(emgradUm) =0in Qm, m = 1,]\47 (3)

gradU,, x n — gradU,,,41 Xxn=0at r=R,,, m=0,1,..., M, (4)
oUy oU; U U1
—&r tr= 5 T — &e tr= )
€0 5 5187’ at r = Ry, &rm 5 € o at r = Ry (5)
oU,, oUp,
5rm? :ET(m-‘rl)T—‘rl atT:Rn“ m = 1,...,M*1, (6)

Up(x) =0(1) as r = |x| = 0, Upry1(x) = Uys(x) as r — oo, (7)
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considered in the space R3. Similarly to [6], we look for the fields U,,, m =1, M as

VUm vmtl
Uo(r, 9):040(%) cos® in Qq, Uy, (r,0)= <am (%) + B <i) ) cosf in Q,,,

Unm+1(r,0)= <_Ea(2) +Brm+1 (Z)_2> cosf in Qpry1, V= ;( 1+ 8(?’") _ ) (8)

Here ag, a1, B1,. .., an, Bu, Ba+1 are some coefficients. It is easy to check that functions
(8) satisfy all equations in (3) and conditions (7) for any values of coefficients au,, Bum.
It remains to choose them so that the boundary conditions (4)—(6) are satisfied.
Substituting (8) into (4)—(6), we arrive at the following system of 2M + 2 linear
algebraic equations with respect to 2M + 2 coefficients ag, am, Bm, Brs1, m = 1, M:

b —vi+1 ( b >V1+2
og—ay | = - — =0,
0— a1 (Ro) B1 e

b —v1+1 b v1+2
€iQg — Ep1Q1V] <Ro> +emf1 (1 +1) (R()) =

p \"vm b vm+1 p \“Vmt Vm+1+1
Qm (R) + Bm (R> — Q41 (R) — Bm+1 ( )

b —vm+1 b vm+2 —Vm41+1
ErmOmVm <> - 5rmﬂm(ym+1) () 5r(m+1 Um4+1Vm+1 ( ) +

R,, R,
b Vm41+2
+Er(m+1)ﬁm+l(’/m+1 + 1) <R> =0, m=1,M—1,
—vyp+1 vy +2 3
an (RIZ\) + Bum (lew) — Bm+1 (RIZ\/[> = —E,,
—vp+1 vy +2
ErMOMVM (R ) +ermBu(var +1) (R) + 2ee 841 ( ) 9)
M M

Solving the system (9) and substituting the found values a,,, B, into (8), we can find
the corresponding fields Uy in Qg, U, in Q,,, m = 1, M and Up;41 in Qps41, forming
the desired solution of the problem (3)—(7).

Denote by Ule] = (Uple],Uile],...,Un+1le]), where e = (ep1,€11,- .., €rnr, €inr) 18
the solution of the problem (3)—(7) corresponding to the permittivity tensors e, =
= diag(erm, €tm) 10 Oy, and to the constant permittivity g in Qo and Qpr41. Let By be
a ball of sufficiently large radius R containing €2 inside it. Let Q. = Qp;41 N Br.

We remind that our goal is to solve the inverse problem for the model (3)—(7) associ-
ated with designing shielding shells. This inverse problem consists of finding values e,1,
€t1,--s €rM, €ty from the following condition [14,15]:

VUle] =0in Qo, € = (g41,Et1, s Erm, Etm)- (10)

The shell (€, e), which ensures the exact fulfilment of condition (10), is called a perfect
shielding shell or simply a shield.
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2 Using optimization method. Numerical results

For solving our inverse problem we apply the optimization method. Similarly [14,15] we
define the bounded set K = {€ : 0 < emin < €rm,Etm < Emax, M = 1, M} to which we

refer to as a control set. Here given positive constants €,;, and e,ax are lower and upper
boundaries of the control set K. Let us define the cost functional

_IVUs[ell| 2 (o)

Ji(e)= Y 2L (00)
)= T )

5 HVUO[e}HLZ(QO):ﬂVUO[eHQdXv ||VU6||%2(QO):ﬁVU6|2dX, (11)
Qo Qo

and formulate the following control problem:
Ji(e) = min, e € K. (12)

Problem (12) was studied in [14,15] in the special case when all layers are isotropic.
It has been shown that the optimal solution £°P* has the bang-bang property and corre-
sponds to the alternating design with respect to the pair (emin, Emax)- It means that

opt opt __ opt €opt
2

_ _ _ _ ~opt __ _ _opt __
el =¢€5 =..=€4_1 = Emin, =gy =..=€p = Emax- (13)

Moreover, it turned out that under the smallness condition epy, ~ 0.01, J(£°P) tends
to zero with increasing contrast €max/Emin and the number of layers M. The smallness
condition is restrictive, requiring the use of special materials for the technical implemen-
tation of the solutions obtained. Below we will show that the presence of anisotropic
layers makes it possible to get rid of this limitation and to design a highly efficient shell.

More specifically, the designed shell will consist of the first anisotropic layer corre-
sponding to the pair (g1, ) and M —1 isotropic layers corresponding to the alternating
design (e2,€3, ..., ). Here all parameters €,1, 41, €2,..., £) take only one of two values
Emin and €max. Taking into account the specified structure of the designed shell, the so-
lution of the shielding problem consists of two stages. First, we substitute the indicated
data (,1,€41), €2,€3,...,en into system (9) and find the coefficient ag by solving it.
Next, we determine the field Uy using the first formula in (8) and calculate the value of
the functional J;(e) using (11). A sufficiently small value of J;(e) will correspond to a
high shielding efficiency of the shell being designed. Below we will refer to the described
algorithm as Algorithm 1. The result of Algorithm 1 is an approximate optimal solution
e* = ((er1,€11), €2, -..,€n) to problem (12).

Let us discuss now the results of the numerical solution of the shielding problem
using Algorithm 1 for the following pairs of (€min, €max): (0.021,2.1) and (2.1,2100). The
externally applied field has the form: E, = —gradU,, U,(r,0) = —E“Tf‘me. Our first test
concerns to the first pair ,,;, = 0.021, eax = 2.1. The results of the numerical solution
of problem (12) using Algorithm 1 in the form of values of the permittivities &,1, €41,
€2 = Emax, €3 = €min, EM = Emax Of the first, second, third and last layers, respectively,
and the value of J;(e*) where ¢* = (g,1,&¢1;€2,...,e0), are presented in Table 1 for
even values of M varying from 2 to 16. The remaining values of the permittivities &,,,
m=4,5,...., M — 1 are determined from the relations (13). Table 1 shows that all values
of J;(e*) correspond to low shielding efficiency. This can be explained by the low contrast
Emax/Emin = 100. The second disadvantage of Table 1 is the value of £, = 0.021 which
corresponds to a metamaterial that is difficult to implement.
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Table 1: Shielding pr.: ein = 0.021, epax = 2.1, R, = 0.03, Ry = 0.05, Contrast = 100.

M (ETlugtl) Sp) €3 EM Jz(e*)
2 | (2.1,0.021) | 2.1 1.222 x 10°
4 | (2.1,0.021) | 2.1 | 0.021 | 2.1 | 2.341 x 10~*
8 | (2.1,0.021) | 2.1 | 0.021 | 2.1 | 8.882 x 1072
( )
( )

12 | (2.1,0.021) | 2.1 [ 0.021 | 2.1 | 6.322 x 10~2
16 | (2.1,0.021) | 2.1 | 0.021 | 2.1 | 5.341 x 1072

Table 2: Shielding pr.: epin = 2.1, €max = 2100, R, = 0.03, R, = 0.05, Contrast = 1000.

M | (er1,€41) g9 es | em Ji(e*)

2 | (2100,2.1) | 2100 5.829 x 1073
4 | (2100,2.1) | 2100 | 2.1 | 2100 | 3.908 x 10~ *
8 | (2100,2.1) | 2100 | 2.1 | 2100 | 2.811 x 1075
12 | (2100,2.1) | 2100 | 2.1 | 2100 | 8.679 x 10~°
16 | (2100,2.1) | 2100 | 2.1 | 2100 | 4.739 x 10=6

In order to increase the shielding efficiency of the shell being designed, it is sufficient
to increase the contrast of the pair (€min,€max). This can be seen from the analysis of
Table 2 which is an analogue of Table 1 for the pair (gmin,&max) = (2.1,2100) with
contrast 1000. Note that the value €5, = 2.1 describes the permittivity of teflon, and
Emax = 2100 describes the permittivity of barium titanate. It can be seen that the value
of J;(e*) decreases from 5.829 x 1073 to 4.739 x 1076 as M increases from 2 to 16. The
last value J;(e*) corresponds to the high shielding efficiency of the shell (Q,e*).

3 Conclusion

The results obtained confirm the high efficiency of the shielding shell with high contrast
even in the case of a small number of homogeneous layers, the first of which is filled with
an anisotropic medium, while the remaining ones are isotropic.
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AHHOTAIINS

IIpemyaraercs m IUCAECHHO peATM3YETCS IKOHOMUYIHBIA UHMCJIEHHBIN ajIro-
PUTM pelleHnus 3a1a9 SKPAaHUPOBAHUA JJII TPEXMEPHON MOIEJHN 3JIEKTPO-
CTATUKU. AJINOpUTM OCHOBBIBAETCS HA UCIIOJIB30BAHUU MHOTOCJIOWHOM 000-
JIOYKHU, IIEPBBI CJI0M KOTOPOI ABJIAETCHd AaHU30TPOIHBIM, & OCTAJIbHbIC CJI0U
3all0JIHEHBI OJHUM U3 JBYX 3apaHee 3aJaHHLIX M30TPOIIHBIX MaTepHuaJiOB.
IIoka3piBaeTcs HA OCHOBE ITPOBEJIEHHBIX BBIYUCIUTEILHBIX SKCIEPUMEHTOB,
YTO IKPAHUPYIOIIEE YCTPOWCTBO, CIPOEKTHPOBAHHOE C ITOMOIIBIO pa3pabo-
TaHHOT'O METO/Ia, 06JIaIaeT TPOCTOTON TEXHUIECKOM pean3aliueii 1 HauBbIC-
meit 3(pHEKTUBHOCTHIO B PACCMATPUBAEMOM KJIACCE YCTPOWCTB.

Kumrouesbie cioBa: obpamusie 3adavu, 3a0a4a 3KpaHupo8anus, memod on-
MUMUSCUUY.
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