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Penalty method to solve an optimal control
problem for a quasilinear parabolic equation

An optimal control problem for a quasilinear parabolic equation simulating the ra-
diative and conductive heat transfer in a bounded three-dimensional domain under
constraints on the solution in a given subdomain is considered. The solvability of
the optimal control problem is proved. An algorithm for solving the problem, based
on the penalty method, is proposed.
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Introduction

The procedure of endovenous laser ablation (EVLA) is safe and sufficiently effective in
the treatment of varicose veins. During EVLA, a laser optical fiber is inserted into the
damaged vein. Then the laser radiation is transmitted through the fiber which at this
time is pulled out of the vein. The end of the optical fiber is usually covered with a
carbonized layer (optical fiber tip). The carbonized layer divides the laser energy into
the fiber tip heating and radiation. The heat from the fiber tip is transmitted through
the blood and surrounding tissue by the conductive heat transfer. The heat exchange is
significantly increased by the flow of bubbles formed at the heated fiber tip. The radiation
entering the blood and surrounding tissue is partially absorbed with the release of heat.
As a result, the generated thermal energy causes significant heating of the vein which
leads to its obliteration.

Mathematical modeling of radiation and thermal processes arising during EVLA is
important to determine optimal parameters of radiation that provide a sufficiently high
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temperature inside the vein for successful obliteration, on the other hand, the generated
temperature field should be relatively safe for the live tissue surrounding the vein.

Mathematical model of EVLA takes into account the conductive heat transfer, as well
as the radiation transfer and absorption with heat release. The flow of bubbles formed at
the heated fiber tip makes a significant contribution to the temperature distribution in the
model domain. In [1], based on the evaluation of experimental data, the heat transfer by
the flow of bubbles is modeled using a piecewise constant thermal conductivity coefficient
which depends on temperature as follows: when the temperature at some point reaches
95° C, the coefficient of thermal conductivity increases 200 times.

Optimal control problems for the mathematical model of EVLA are studied in [2,3].
In [2], an optimal control problem of EVLA is posed, which consists in approximation of
a given temperature profile at a certain point of the model domain. In [3], the similar as
in [2] optimal control problem is studied. Here, the objective functional is taken such that
its minimization allows one to reach the given temperature distribution in different parts
of the model domain. This makes it possible to provide a sufficiently high temperature
inside the vein for its successful obliteration and a safe temperature in the perivenous
tissue. The unique solvability of the initial-boundary value problem is proved, on the
basis of which the solvability of the optimal control problem is shown. An algorithm for
finding a solution of the optimal control problem is proposed. Its efficiency is illustrated
by a numerical example.

In the current work, an optimal control problem for the model of endovenous laser
ablation in a bounded three-dimensional domain 2 with reflecting boundary I' = 99 is
considered. The problem is to minimize the functional

J(0) = / (Olir — 04)° di — in
Gq

on solutions of the initial-boundary value problem:

000/0t — div(k(0)VO) — Bp =u1x, —div(aVe)+ Lo =uyx, € Q, 0<t<T, (1)
k(@)@nﬁ + ’7(0 - 0;,)|p =0, adpp+ O.5g0‘r =0, 9|t=0 = by. (2)

In this case, the following restrictions are set:
up2 >0, utux <P, 0Og <6b..

Here, 0 is the temperature, ¢ the radiation intensity averaged over all directions, « the
diffusion coefficient for optical radiation, p, the absorption coeflicient, k() the coefficient
of thermal conductivity, o(z,t) the product of the specific heat capacity and the volume
density, u; describes the power of the source spending on heating the fiber tip, us is the
power of the source spending on radiation, y is equal to the characteristic function of the
part of the medium in which the fiber tip is located divided by the volume of the fiber
tip. The functions 6y, 6y define the boundary and initial temperature distributions. We
denote by 0,, the derivative in the direction of the outward normal n to the boundary
I'. Tt is required to provide the closeness of the temperature distribution to a desired
temperature field 64 at the final time ¢t = T in the G4 subdomain, while the temperature
in the subdomain Gy does not exceed a constant critical value 6,.
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1 Formalization of the optimal control problem

In what follows, we assume that € is a Lipschitz bounded domain, T' = 99Q, Q = Qx (0,7,
¥ =T x(0,T). We denote by LP, 1 < p < oo, the Lebesgue space and by H! the Sobolev
space W4. The space LP(0,T; X) (respectively, C([0,T]; X)) consists of p-integrable on
(0,T) (respectively, continuous on [0,7]) functions with values in a Banach space X.
Denote H = L?(2), V = H'(Q), and V' the dual of V. Then we identify H with its dual
space H' such that V.C H = H' C V', and denote by || - || the norm in H, and by (h,v)
the value of functional h € V' on the element v € V coinciding with the inner product
in Hif he H.

Let the following conditions hold:

(i) 0<o09<o<o1, |00/0t] <o, o;=Const.

(i1) 0< ko <k(s)<Eki, |K'(s)<ks seR, k;j=_Const.

(ii1) 0p € H, v € L®("), v > v = Const >0, 6, € L>(X), 04 € Gq.

() 0<ap<a(r)<a, 0< By <pBz)<p1, zell

We define a nonlinear operator A: V' — V' and linear operator B : V — V' using
the following equality valid for any 6, v, p,w € V:

(A(0),v) = (k()V0, Vv) + / ~OvdD = (Vh(0), Vv) + / ~0udr,
T r

where

S

h(s) = /k(r) dr; (By,w) = (aVp, Vw) + (B, w) +
0

N | =

/ pwdl.
r

Further, by the following bilinear form, we define the inner product in V:

(u,v)y = (Vu, Vo) + /uvdl".
r

The corresponding norm is equivalent to the standard norm of the space V.

Definition 1. Let uj 2 € L?(0,T). The pair 6, € L*(0,T;V) is a weak solution of the
problem (1), (2) if 06’ € L*(0,T;V"’) and

ot + A0) = Bp=g+wux, 0(0)=06, Byp=usy, (3)
where
0 =do/dt, ge L>*0,T;V"), (g,v)= /'yﬁbvdf.

r
Remark 1. Since (c6) = o6’ + 090 /0t € L*(0,T;V') and o0 € L*(0,T;V), then of €
C([0,T]; H), and therefore the initial condition makes sense.

It follows from the Lax-Milgram lemma that for any function g € H there is a unique
solution of equation By = g. Moreover, the inverse operator B~ : H — V is continuous.
Therefore, we can exclude the radiation intensity ¢ = u> B!y and formulate the optimal
control problem as follows.
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Problem (CP)

J(0) = /(0|t:T — t‘)d)zdz —inf, o0 + A(0) =g+u, 6(0)= 0o,
Ga
9|Gb S 9*; u e Uad-

Here,

Upa = {u=wurx + ugBB 1y : U2 € LQ(O,T), ur2 >0, up +ug < P}

2 Preliminary results

In the article [5], the following result is obtained.

Lemma 1. Let conditions (i)~ (iv) hold and u € L?(0,T;V’). Then there is a solution

to the problem
o + A0) =g+u, 6(0) =0, (4)

such that @ € L>°(0,T; H) and the following estimate is valid:

6 + 181320z < € (180l + llg + ullZ2(0,7:3)
where C' > 0 does not depend on 0y, g, and u.
Lemma 2. Let conditions (i)—(iv) hold, u =0, 0y < 0, a.e. in Q, 0, <0, a.e. in X,
and 6 be a solution to the problem (4). Then 6 < 0, a.e. in Q x (0,T).

Proof. Multiplying in the sense of inner product in H the first equation in (4) by
v =max{f — 0.,0} € L2(0,T;V), we get

(ov',v) + (k(0)Vv, Vv) + /Wﬁvdl" =0.
r

Discarding the nonnegative second and third terms, we arrive at the estimate
d

£(UU,’U) < (opv,v) < oalv||*.
Integrating the last inequality with respect to time and taking into account that v|;—o = 0,

we obtain

sol(®)]? < (ov(t),v(t) < o / lo(r)|Pdr.
0

Based on the Gronwall lemma, we conclude that v = 0 and therefore 8 < 6, a.e. in
Q% (0,7T).

Lemmas 1 and 2 imply a non-empty set of admissible pairs of the Problem (CP) and
the boundedness of a minimizing sequence of admissible pairs {0,,, u.,} € L*(0,T; V) x
Uqq such that J(0,,) — j = inf J, where

0, + A(0m) = g+ Um, 0,(0) =0, Onlc, <0.. (5)

Similarly [4], passing to the limit in system (5), it is possible to establish the solvability
of the Problem (CP).

Theorem 1. Let conditions (i) —(iv) hold, 0y < 0, a.e. in Q, 6, <0, a.e. in X. Then
a solution of the Problem (CP) exists.
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3 Penalty problem

Let us consider the following optimal control problem with the parameter € > 0 whose
solutions approximate the solution of the Problem (CP) as e — +0.

Problem (CP.)

J.(0) = / (Blier — 62)%dz + é /T / F(0)dzdt — in,

Gy 0 Gy
o +A0)=g+u, 00)=0), u€E Uiy.

Here,

if <84,,
F(o) = 0, if <46
(0 —0,)2 if 0>0,.

The estimates presented in Lemma 1 make it possible, similarly as in the proof of
Theorem 1, to prove the solvability of the problem with the penalty.

Theorem 2. Let conditions (i) — (iv) hold. Then a solution of the problem (CP.) exists.
Consider the approximation properties of solutions to the problem with the penalty.

Let {0, u.} be solutions to the Problem (CP.) and {#,u} be a solution to the Problem

(CP). Then,
bl + A(0:) = g+ ue, 0:(0) = bp. (6)

Since 0|, < 0., the following inequalities are true:

/(9|tT79d)dx<J // . )dxdt < eJ(6).

Gd 0 Gb

From the estimates obtained, using if necessary subsequences as ¢ — +0, similarly as in
the proof of Theorem 1, we can prove the existence of functions 1 € Uyq, 0 € L?(0,T;V)
such that

ue — @ weakly in L2(0,T; H), 6. — 0 weakly in L2(0,T; V), strongly in L2(0,T; H);

//F da:dt—>// dxdt and // . )dxdt — 0, as e — 0.

0 Gy 0 Gy 0 Gy

Therefore, F(f) = 0 and §\Gb < 0,. Convergence results are sufficient to pass to the
limit as ¢ — 40 in the state system (6) and to prove that the limit pair {é\, u} €
L?(0,T; V) x Uuq is admissible to the problem (CP). Since the functional J is weakly
lower semicontinuous, that is

~

j < J(0) <liminf J(0.) < J(0) = j = inf J,

then the pair {6, @} is a solution to the problem (CP).
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Theorem 3. Let conditions (i)—(iv) hold, 6y < 0, a.e. in Q, 0, < 0, ae. in X. If
{6, uc} are solutions to the problem (C'P.) for € > 0, then there is a sequence as e — +0

ue — U weakly in L*(0,T; H), 0. — ) weakly in L*(0,T;V), strongly in L*(0,T; H),

where {6, @} is a solution to the problem (CP).
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AHHOTAITNS

Paccmorpena 3ajada ONTUMAIBHOTO yIPABICHUS JjIsl KBA3UJINHEHHOTO Ma-
paboIMIeCcKOro ypaBHEHNS, MOJIEJIUPYIONIET0 PATAAIIMOHHO-KOHTY KTABHBII
TemI000MeH B OTPAaHUYEHHON TPEXMEPHOM 00J/IaCTH, P OTPAHUIEHUSX HA
perienue B 33/1aHHON 1m1o1001acTu. Jlokazana pa3peimnMocThb 3a/1a91 OITH-
MAJIBHOTO yrpaBienusi. [IpejjioXkeH ajJropuT™ perieHust 3a/a9u, OCHOBAH-
HBIM Ha METOE MTPAPHBIX PYHKITHIA.

Kutiouesble ciioBa: HeaumeliHbie cucmemvt YpasHenutl 68 “4acmHbr Nnpous-
BOOMBIT, PAOUAUUOHHBLL MENAOOOMEH, ONMUMAALHOE YNPABAEHUE, MEMOO
wmpagdos
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