Far Eastern Mathematical Journal. 2022. V. 22. No 2. P. 152-157

UDC 517.977.55
MSC2020 93C95

© E. V. Chausova!

Model predictive control of dynamic systems
with mixed uncertainty and its application
to supply chain management

The paper is devoted to a discrete-time linear system with constraints on states and
control inputs under conditions of interval and stochastic uncertainty. We use the
model predictive control approach and get the optimal control strategy that brings
the system to a setpoint. The developed results are applied to the inventory control
problem in a supply chain. A numerical example is studied.

Key words: linear dynamic system, model predictive control, interval-stochastic
uncertainty, interval analysis, multi-objective optimization, quadratic programming,
inwventory control, supply chain.

DOI: https://doi.org/10.47910/FEMJ202216

Introduction

The paper studies the model predictive control (MPC) [1] of a linear dynamic system with
discrete time subject to constraints and mixed model uncertainty. We assume that the
system is affected by additive disturbances of various nature. Some of the disturbances
are random with known parameters of the probability distribution, others are given
by intervals and nothing more is known about them. Both states and control actions
are restricted. We minimize the expected MPC performance index subject to state and
control constraints and interval-assigned uncertain inputs. We reduce the problem to a
deterministic quadratic programming problem using the interval analysis tools [2] and
the multiple-objective optimization techniques [3].

The results are applied to the problem of inventory control in a supply chain with an
uncertain demand. The most common is a stochastic approach to modelling uncertainty
in inventory control systems. The uncertain demand is assumed to be random. But what
if there is not enough historical data for its probabilistic description? In these cases, we
can assume that the demand uncertainty is unknown-but-bounded [4, 5], and estimate
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bounds of possible demand values based on available data or practical experience. How-
ever, in practice, we often face the situation when we have partial information about
demands. For some products we do not have historical demand data, while for others
we do. In addition, we can have quite stable orders, mostly within given limits, from
some consumers, and random orders from others. In such cases, an uncertain aggregate
demand can be decomposed in two sub-vectors, one of which is unknown-but-bounded
(or interval), and the other is stochastic. These assumptions are consistent with the
mixed interval-stochastic model uncertainty discussed in the paper. Finally, we consider
a numerical example and show the effectiveness of the developed MPC strategy which
provides the supply chain with a minimum expected level of storage, but a high level of
service.

1 Model description and problem statement

We consider the linear system whose dynamics is described by the state space model:
x(k+1) = z(k) + Bu(k) + Cd(k) + Cw(k), (1)

where z(k) € R™ is the system state, the initial state z(0) is assumed to be fixed and
given, u(k) € R™ is the control input, d(k), w(k) € R! are the uncertain disturbance
inputs of various nature, and k is the discrete time index. The matrices B € R™*™ and
C € R™*! describe the system structure, they are fixed and known.

The disturbance d(k) is assumed to lie within in a known interval but the rest is
unknown:

d(k) € D, (2)

where D € HRZ, D = [Q,m > 0. This provides an interval uncertainty in the system.

We follow the notation of the informal international standard [6]. Intervals and inter-
val objects (vectors, matrices) are denoted in bold, z, T are the lower and upper bounds
of the interval @, IR" = {x = [z,T] ,2 < Z,z,T € R} is the set of all n-dimensional in-
tervals in the classical interval arithmetic IR, KR" = {x = [z,7],z,T € R"} is the set of
all n-dimensional intervals in the Kaucher complete interval arithmetic KR [7].

The disturbance w(k) is the vector of white noises with a zero mean and the given
covariance matrix W. This forms a stochastic uncertainty in the system.

Both expected states and control actions must be non-negative and bounded:

E{z(k+1) | 2(k)} € X, (3)

u(k) €U, (4)

where E{:|-} denotes the conditional mean; X € IR", X = [O,m; UclIR!, U = [O,m.
We define the performance index as follows:

J(k +plk) = E{Z((m(k +ilk) — 20)  Qa(k +ilk) — a4)—
o (5)
—Q1 (x(k +ilk) — ) +ulk +i— 1|k) " Ru(k + i — 1|k:)) ‘ x(k)},
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where z(k + i|k) is the state at the time k + ¢ which is predicted at the time k, xz(k) or
x(k|k) denotes the state measured at the time k; x4 is the setpoint or target that the
system will seek to reach; u(k + i|k) is the predictive control at the time k + ¢ which
is computed at the time k; p is the prediction horizon; Q@ € R™*" @, € R'¥" and
R € R™ ™ are the weighting matrices such that @, R are symmetric positive definite
matrices and Q1 > 0; the first term (z(k + i|k) — )" Q(x(k + i|k) — x,) penalizes the
state deviation from the target, the second linear term Q1 (z(k + i|k) — x,) penalizes the
state negative deviation from the target, and the last term wu(k +i — 1|k)" Ru(k +i— 1|k)
penalizes the control efforts.

The problem to be solved at the time k is to compute a sequence of the predictive
controls u(klk),u(k + 1]k),...,u(k + p — 1|k) which minimizes performance index (5)
subject to system dynamics (1) and constraints (2)—(4). We reduce it to an interval
quadratic programming problem where the uncertain inputs are represented by intervals.
Since the input data are interval, the objective value is also interval. We calculate the
lower and upper bounds of the objective values of the interval quadratic programming
problem analytically using interval analysis and formulate a two-objective optimization
problem. We then transform the problem into a conventional quadratic programming
problem with a single objective by using multi-objective optimization.

According to the MPC approach, at the time k we calculate the predictive controls
u(k|k), u(k+1lk),...,u(k+p—1|k), but use only the first of them and obtain the feedback
control u(k) = u(k|k) as a function of the state z(k). Then the state z(k+1) is measured,
the control horizon is moved by one, and the optimization is repeated at the next time
k + 1. The result is the feedback control strategy ® = {u(k) = u (x(k), k), k > 0}.

2 Synthesis of predictive control strategy

The theorem gives a sequence of predictive controls at the time k.

Theorem. The vector of predictive controls a(k) = (u(k|k)", u(k + 1|k)", ... u(k +
p—1|k)")" that minimizes performance index (5) subject to system dynamics (1) and
constraints (2)—(4) is defined at the time k as a solution to the quadratic programming
problem with the criterion Y (k + p|k) = @(k)" Hu(k) + 2G(k)@(k) under the constraints
(B 0y, 5m Onxm...OnXm)ﬁ(k') € X ©CD — z(k) and u(k) € U. Here H,G(k) are the
block matrices of the type:

Hyy Hy» ... Hy _ o
— 1 BT B
Hyy Hyy ... Hy (p—Jj+ ) QB, z < .].,
H = . <. . ’ HZ]: R+(p7j+1)BTQB7 =17
. . . *Z‘i’ 1 BT B, ’L> .’
le Hp2 pr (p ) Q J

Gk) = ((x(k) —2) Q- %Ql)BK + mid DF,

where
K=K Ky...K},), Ki=({p—i+1)L,,
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Fn Fo ... Fy

e For Fopo oo By F__{(p—jJrl)CTQB, i <,
AR C Y e -i+)CTQB, i>
Fy Fp ... FE

0,,xm is the zero matrix of the dimension n xm, I, is the unit matrix of the dimension m,
U = (UT, u',..., UT)T, D= (DT, D, ... DT)T, CD is the result of multiplying the
real matrix C' by the interval vector D, DF is the result of multiplying the interval vector
D" by the real matrix F', mid « is the midpoint of the interval @, t Sy = [g -y, T — y]
is the internal subtraction in KR.

It is worth noting that, due to the interval uncertainty in the system, we can only
steer the state to a tube sufficiently close to the target x,, and keep the state trajectory,
on average, within the target tube. The target tube is a sequence of the sets that at each
time contain all the states whose future trajectories can be kept inside the constraints,
for all admissible disturbances [4]. It is clear that the width of this tube depends on the
width of the initial uncertainty intervals. Indeed, the problem of keeping the state z(k), on
average, in some tube X (a,b) = [a,b] has a solution if and only if, for all (k) € X (a,b),
there is a control u(k) € U so that E{z(k+1) | 2(k)} = x(k) + Bu(k)+ Cd(k) € X (a,b)
for all d(k) € D. That takes place if and only if z(k) + Bu(k) + CD € X (a,b), and then
x(k) + Bu(k) € X(a,b) © CD. It makes sense if and only if X (a,b) © CD € IR", that
isa—CD <b—CD. We can argue that CD — CD < b — a and wid CD < wid X (a, b).
Therefore, the minimum width of the tube, within which, on average, the state (k) can
be kept for all possible values of the demand, is given by wid CD = CD — CD.

3 Inventory control problem in a supply chain: example

We can apply the above results to multi-echelon inventory optimization in a supply chain
with an uncertain demand. We describe the supply chain by the dynamic network model
in which the nodes represent warehouses and the arcs are controllable and uncontrollable
flows in the network. The network dynamics can be described by equation (1), where
x(k) represents the storage levels in the network nodes; u(k) is the controllable flows
which redistribute resources between the network nodes, possibly process them, and
plan deliveries from outside; d(k), w(k) are the uncontrollable flows which represent the
demand in the network nodes that can arise from outside and other nodes. The matrices
B and C describe the network structure. As the unit of time k we can take, for example,
a day, a week, a month, or a longer period. Constraints (3), (4) define the capacities
and requirements, such as storage and order quantity limits. In (3), the lower bound
equal to zero means that an out-of-stock is undesirable, but possible. The target x in
performance index (5) defines a desired target storage level. Given the fact that we deal
with storage levels, the goal of keeping the state is close to but, preferably, not below the
target is consistent with (5). We suggest setting x, at zero during the first simulation
and waiting for the target tube X (0, wid CD) to be received. We calculate a service level
in the network nodes as the proportion of satisfied demand and if it is not high enough,
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we will gradually increase the target and form a safety stock until a required service level
is received.

Let us consider now the supply chain represented by Figure 1. It has three interrelated
production-distribution centres represented by three nodes. Nodes 1 and 2 make products
A and B, these products are used later for making product AB in node 3. The controllable

flows w1, us describe the production levels of A in
node 1 and B in node 2, respectively, us describes a
production line in node 3 which takes some amount
of products A and B to produce the same amount
AB in node 3. The arc u4 models an additional flex-
ible capacity which can be split in any proportion
between two production lines A and B. If u4 works at
full force, the flexible capacity is fully used to produce
B, while if it works at zero force, the flexible capacity
is fully used to produce A. The uncontrollable flows
Fig. 1: Supply chain with three dy,wy, do,wso, d3,ws represen.t the demand for prod-
nodes and controllable (solid) ucts A, B and AB from 0uts1de.' Al.ld d'4,w47 ds, ws
(dashed) represent the uncontrollable redistribution flows be-
tween the nodes. The structural matrices B and C
for the system have the form:

A
vdy, w

and uncontrollable
flows between them

We assume that X = ([0,130] [0,120] [0,150])", U = ([0,170] [0,50] [0,100] [0,70])",
D = ([5,25] [20, 30] [60,80] [0, 20] [0, 10])T.

The example is an adapted ver-
sion of the example from [4]. We
\ added the white noise w with
S ., @& zero mean and the covariance

\”\/\\/\v‘”\w’\/\/\vww’”\/’v\w WM . W = diag(o},03,...,0}7), o} =
‘ ‘ ‘ ‘ 0.25 wid D;. We assume that the de-
| mand cannot be backlogged and de-
‘ mands during stockouts are com-
pletely lost. The initial state is
\‘ x(0) = (130 120 150)" and the tar-
g get is 7, = (0 0 0)'. The weight-
M 150 i i =

MMM p | O BRI oS S e
tion horizon is p = 6, the problem

Fig. 2: Trajectories of z; (solid) and levels is solved for 100 time steps. We car-
wid CD; (dashed) ried out modelling and simulation in

MATLAB.
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Figure 2 shows the inventory dynamics in the network nodes. In all the nodes, a

decreasing trend of the storage levels can be observed. In our case, we get CD =

(I-

45,—5] [—40,—-20] [-80,-30])" and widCD = (40 20 50)". Starting from some

timestep, the state trajectory, on average, lies within the minimal tube X (0, wid CD).

As the simulation showed, we received high levels of service in the network: 98.72% in

node 1, 99.98% in node 2, and 99.67% in node 3. In this case, there is no need to increase
the target x5 to form a safety stock.
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MaMH B YCJIOBUSIX MHTEPBAJBHON M CTOXACTUYECKOIN HEOIPECJICHHOCTUA U
NIpUMEHEHNE K YIIPABJIECHUIO TENSMH IMOCTABOK. /[a/IbHEBOCTOUHDBIH MaTeMa-
rrgecknii KypHas. 2022. T. 22. Ne 2. C. 152-157.

AHHOTAITNS

B pabore paccmarpuBaercst JinHeliHas CHCTEMa B JUCKPETHOM BPEMEHU C
OrpaHUYCHUAMU Ha COCTOAHHUSA U YIIPABJIAIONINE BO3JIEUCTBUA B YCJIOBHUAX
WHTEPBAJBHON M CTOXaCTUIECKOi HeompesaeaeHHocTr. s cuaTe3a onTH-
MaJIbHOM CTpaTervu yHpaBJIEHUs, ITPUBOMLAIIEN cUCTEMY K 3aJJaHHOMY CO-
CTOAHUIO, UCIIOJIb3YeTCd II0AXO0/] Ha OCHOBE YIIPaBJICHUs C IPOTHO3UPYIOIIei
mozenbio. Ilomydennble pe3yabTaThl IPUMEHEHB K 3a/a4e YIIPaBJIeHns 3a-
rmacaMu B IeIH [TOCTABOK. PacCMOTpeH YnCIeHHBIH TpuMep.

KimroueBsie cioBa: auretinas OuHAMUNECKAA CUCTIEMA, YNPABAEHUE C NPO2HO-
3upYrowet. MoOeABIO, UHMEPBAALHO-CMOTACMUIECKAA HEONPEIeAeHHOCTND,
UHMEPBANLHBIT AHAAUS, MHOZOKPUMEPUANLHAL ONMUMUSAUUSA, KEGOPATMUY-
HOE MPOZPAMMUPOBAHUE, YNPABAEHUE 3ANACAMU, UEND NOCMABOK.
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