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Jackson network in a random environment:
strong approximation

We consider a Jackson network with regenerative input flows in which every server
is subject to a random environment influence generating breakdowns and repairs.
They occur in accordance with two independent sequences of i.i.d. random variables.
We establish a theorem on the strong approximation of the vector of queue lengths
by a reflected Brownian motion in positive orthant.
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Introduction

Jackson networks are one of the most fundamental objects in the theory of stochastic
processing networks. Such network models have long been used for a wide range of appli-
cations in transportation, production, computer science, social networks etc., so results
concerning their asymptotic behavior present a practical interest.

There are multiple research directions: one is to evaluate the limit distribution and
its product forms in the case when this limit distribution exists. Another research di-
rection considers systems with heavy traffic. Heavy traffic and overloaded system cases
are analytically non-trivial and at the same time the most crucial, as overloading may
lead to breakdowns, production shutdown, losses from downtime, repair costs and other
overheads.

Heavy traffic limit theorems of the type considered in this paper have attracted a lot
of attention previously. Harrison [1] considered tandem queueing systems and proved a
heavy traffic limit theorem for the stationary distribution of the sojourn times. His limit
was also given as a complicated function of multidimensional Brownian motion. Harri-
son later again considered tandem queueing systems, and introduced reflected Brownian
motion on the non-negative orthant as the diffusion limit. Other work in the areas of
heavy traffic limit theorems and diffusion approximations is surveyed in Whitt [2] and
Lemoine [3]. Reiman [4] presented heavy traffic limit theorems for the queue length and
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sojourn time processes associated with open queueing networks. These limit theorems
state that properly normalized sequences of queue length and sojourn time converge to a
reflected Brownian motion in an orthant. Furthermore, strong (almost sure) approxima-
tion with infinite time horizons and a reliable server networks were considered by Chen
and Yao [5]. There has been also a growing literature on queues with an unreliable server.
To emphasize the significance of queueing models with unreliable servers in applications
we will refer to some works [6-9].

The system under consideration in [10] is a single queue system with an unreliable
server, and it emerged as a mathematical model of unregulated crossroads. The simplest
model of a vehicle crossing problem in probabilistic terms was considered in [11]. There
is a one-lane road S7 which is intersected on one side by a single-lane secondary road Ss.
A car waiting on the secondary road S will turn right only if there is at least distance
J between the intersection and the first car on S;. We may consider the crossroads with
respect to cars arriving on the secondary road Ss as a queueing system with an unreliable
server. The server is in working state when there are no cars within a distance J of the
crossroads on the road S; and it becomes out of order when the first car appears on
this interval. By the nature of the system we have to suppose that the breakdown of the
server can occur at any time, even when the server is free. Note that a queueing system
with an unreliable server may also be considered in the stochastic analysis of crossroads
with traffic lights.

In this paper we present a strong Gaussian approximation for a more functionally
complicated system with unreliable servers and generalized input flows. Additionally, we
do not require input flows to be independent.

Definition 1. We say that a vector-valued random process ¢ = {(;, t > 0} admits a
r-strong approximation by some process ( = {(;,t > 0}, if there exists a probability
space (£, F,P) on which one can define both ¢ and ¢ in such a way that

sup ||Cu — Coll = o(t¥/"), a.s., when t — oco.
0<u<t

1 System description

1.1 The queuing network with unreliable servers

The queuing network A’ we study has K single server stations, and each of them has
an associated infinite capacity waiting room. At least one station has an arrival stream
from outside the network, and the vector A(-) of arrival streams is assumed to be a
multi-dimensional regenerative flow. Recall

Definition 2. A multi-dimensional coordinatewise cadlag stochastic process A(t) is
called regenerative one if there exists an increasing sequence of random variables {6;,i >
0}, 8o = 0 such that the sequence

{ri}2, ={AO;i—1 +t) — A(0;—1),0; —0;—1,t €[0,6; —0;_1)}52,
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consists of independent identically distributed random elements. The random variable 0;
is said to be the jth regeneration point of A, and 7; = 6; — 0;_1 (where 6y = 0) to be
the jth regeneration period.

From Smith [12] it is known that we can define the asymptotic intensity vector A =

lim @ a.s., and the asymptotic covariance matrix V = hm Varf(t).
t—o0 t—o0
Each station’s service times {n}}32,, j = 1,..., K, are mutually independent se-

quences of i.i.d. random variables with mean 1/u; and variance 012». After being served
at station k, the customer is routed to station j (j = 1,...,K) with probability pg;.
The routing matrix P = ||pkj||§ j—1 is assumed to have spectral radius strictly less than
unity, i.e. there is always a positive probability than a served customer leaves the system

immediately. For: =1,2,...and k = 1,... K, define 4,0}'c to be a random variable equal to

7 =1,..., K whenever ith customer served on station k is routed to station 7, and go}; =0
if this customer exits the network. Routing vectors are defined by ¢} = €yi where e;
is the K-vector whose jth component is 1 and other components are 0, if j =1,..., K,

and eg = 0. Customers routing happens independently and immediately.

In our model the service on every channel is influenced by a random environment
which causes breakdowns of the server (falling into OFF state from ON state) at random
moments. The repair of the server also takes a random time. We suppose that consecutive
time intervals of states ON and OFF form two independent sequences of i.i.d. random
variables and, for jth server, denote them by {uz}fil and {v;};’il respectively. Let a; =
Euj, bj = Evj, oy = a;(bj +a;)", s7 = Varuj, d = Varv! for j =1,..., K. We suppose
that the service that was interrupted by the breakdown is continued upon repair from
the point at which it was interrupted.

Let Q(t) = (Q1(t),...,QK(t)) be the vector of number of customers in each channel
at time ¢. Next we need vector-valued busy time processes B(t) = (Bi(t),..., Bk(t)).
The jth component of B(t), where j = 1,..., K, indicates the amount of time up to ¢
the server at station j is busy (i.e. in state ON and serving jobs). Then,

K
Q) = A(t) + Y _ L;(B;(t),
j=1
where S, (u)
Lituy= ) (¢—ej), 1<k<K
i=1
Next, we consider a system of equations
k

ij/\j+2(%/\aiui)lh‘j, Jj=1... K (1)

i=1

In the Jackson networks theory, the systems like above play a significant role and
are known as the traffic equations. Due to Theorem 7.3 in Chen and Yao [5] our traffic
equation (1) has a unique solution v = (7,...,7k). Therefore we may define a jth
station traffic coefficient p; = a_ = j=1,..., K. Buffer j is called a nonbottleneck if
p; < 1, a bottleneck if p; > 1, a balanced bottleneck if p; =1, and a strict bottleneck if
p; > L.
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1.2 Reflected Brownian motion in orthant

In order to articulate the key result we will introduce one more definition. Consider a
pair of K-dimensional processes Z = {Z(t);t > 0} and Y = {Y(¢);¢ > 0} which jointly
satisfy the following conditions:

Z(t) = W(t) + Y ()T — P),t >0,

where W = {W(t);t > 0} is a K-dimensional Brownian motion with covariance matrix
T, drift vector b and W (0) € RE; Z(t) takes values in RE, ¢ > 0; Y;(.) is continuous and
nondecreasing with Y;(0) = 0; and Yj(.) increases only at those times ¢ where Z;(t) =0,
j=1,...K. It was shown in [11] that for any given Brownian motion W there exists a
unique pair of processes Y and Z satisfying conditions above.

In the language of [11] and [5], Z is a reflected Brownian motion on R with drift b,
covariance matrix I', and reflection matrix (I — P).

2 Main result

Theorem 1. Let E7} < oo, E[|A(0i11) — A(6:)||P < oo, E(n})P < oo for i € N and any
j=1,...,K. Then @ admits p'-strong approximation by a reflected Brownian motion on
RE with drift A — au(I — P), reflected matrix (I — P), covariance matrix T' = ||Tx||f,—,

K
Tt =Via+ (v Aajg)pin(On — pin) + (03 i + 13 D3)(ps A1) (pjk — S5 (pj1 — 650),
j=1

where 92 | 12.9
o ajd; + bjsj
T (g +by)?
and p' = p for p < 4 and p’ is any number less than 4 for p > 4.

Proof. To begin with introduce a number of auxiliary processes. Let x(t), X(¢) indicate
that at time ¢ server is in ON and OFF respectively,

k k
S;(t) = max{k : Zn; <t}, N;(t) =max{k: Z(uz + U;) <t}
i=1 i=1
N; (@) N; () 4 N1
Ci(t)= > ub+x(t) [t =D (@l +0i) | +x(t)u; "
i=1 i=1

So, C;(t) equals the total time before ¢ jth server being in the state ON.

Now consider a process §j (t) = S;(C;(t)) and a new network % which is defined
in the same way as initial network A’ with the following difference. Service times ﬁ;,
1=1,2,... for jth server are defined as

7 =inf{t: S;(t) =i} —inf{t: S;(t) =i -1}, i=1,....
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Note that random variables 77;, 1 =1,2,...,in general are not independent or identically

distributed but, as one will see below, the network A is more convenient to handle.
For the network A/, we denote the vector of number of customers at time ¢ and the
vector of busy times up to time ¢ by Q(¢) and B(t) respectively. Then

K ](u
Q(t) = A(t) + > _ Lj(B;(t)), where Lj( —¢;), 1<j<K.

i=

—_

So, due to Theorem 1 in Bashtova, Shashkin [13] the vector-valued process C' =
(C1,...,Ck) admits p-strong approximation by a Wiener process W whose components
are independent with drifts ¢; = o; and variances D;, j = 1,..., K. In particular C
satisfies the functional law of the iterated logarithm. Also, since each S; is a renewal
process (j = 1,..., K), by Csorgd, Horvath and Steinebach [14] the process S also admits
p-strong approximation by a Wiener process W*° with independent components having
drifts p; and variances o /L;’ Hence by Lemma 6.21 in Chen, Yao [5] the process S admits
p-strong approximation by a Wlener process with independent components having drifts
pico; and variances MJD + 02 ,ujoz], j = 1,..., K. Additionally A admits a p-strong
approximation by a K- dlmensmnal Wiener process Wy with drift A and covariance matrix
V', and we can assume W to be independent of all approximating Wiener processes above.

The Remark 7.17 of Chen, Yao [5] is applicable to both Theorems 7.13 and 7.19
there. Thus as by our construction the network N satisfies the conditions (7.65), (7.66)
and (7.68) of the latter theorem, its first statement implies the desired result. |
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AHHOTAITNS

PaccmarpuBaercss oTkpbiTas cethb JIyKeKcoHa ¢ pereHepupyIonuMu BXO/sI-
MU TIOTOKAMA W HEHAJEeXKHBIMU pubopamu. Bpemena wucmpaBHOrO CO-
CTOSIHHS M PEMOHTA JJIsi KayKJO0r0 Mpudopa 00pa3yioT HEe3aBUCHUMBbIE MEXK-
Iy coboil ITocIIe/I0BATEIbHOCTH HE3aBUCHMBIX OJMHAKOBO DAaCIpPeIeIeHHBIX
CJIyJallHBIX BEJIMYWH, He 00sA3aTebHO MMEIOINX SKCIIOHEHINAJIbHOEe Pac-
npeesnenne. Jloka3biBaeTcs TeopeMa 00 aIIPOKCHMAINHA C BEPOSTHOCTHIO
enuuuIa (Ha GECKOHEYHOM IMOPHU30HTE) IIPOIECCa JINHBI OUepPe/id OTPAYKEH-
HBIM OPOYHOBCKUM JIBU2KEHUEM B TIOJIOKATEJIHHOM OPTAHTE.

Kirouesnie ciioBa: cemu Jotcexcona, npedesvrvie mMeopemovl, CULbHASA AN~
NPOKCUMAUUSA, HEHADEAHCHDLE NPUOOPDL.



