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Ìåòîä ïîãðóæåíèÿ

äëÿ ðåøåíèÿ çàäà÷è Øòóðìà � Ëèóâèëëÿ

â ìàòðè÷íîé ïîñòàíîâêå

Â ðàáîòå ïðåäëîæåí ìåòîä ðåøåíèÿ êðàåâûõ âîëíîâûõ çàäà÷, îïèñûâàåìûõ ñèñòåìîé
óðàâíåíèé Ãåëüìãîëüöà. Ïîêàçàíî, ÷òî çàäà÷à Øòóðìà � Ëèóâèëëÿ ñ âûðîæäåííûìè
ìàòðèöàìè â êðàåâûõ óñëîâèÿõ ñ ïîìîùüþ àëãåáðàè÷åñêèõ ïðåîáðàçîâàíèé ïðèâîäèòñÿ
ê âèäó ñ íåâûðîæäåííûìè ìàòðèöàìè, ÷òî ïîçâîëÿåò ïîëó÷èòü ìàòðè÷íûå óðàâíåíèÿ
ìåòîäà èíâàðèàíòíîãî ïîãðóæåíèÿ. Ðåøåíèå çàäà÷è Øòóðìà � Ëèóâèëëÿ ñâîäèòñÿ ê
ðåøåíèþ çàäà÷è Êîøè äëÿ ìàòðè÷íîãî óðàâíåíèÿ Ðèêêàòè. Ïîêàçàíî, ÷òî ðåøåíèå
ìàòðè÷íîãî óðàâíåíèÿ Ðèêêàòè ìîæíî ñòðîèòü äëÿ ïðîèçâîëüíûõ êðàåâûõ óñëîâèé,
âûáðàííûõ èç ñîîáðàæåíèé óäîáñòâà, à ðåøåíèÿ äëÿ çàäàííûõ êðàåâûõ óñëîâèé âûðà-
æàþòñÿ ÷åðåç ðåøåíèå ýòàëîííîãî ìàòðè÷íîãî óðàâíåíèÿ Ðèêêàòè ñ ïîìîùüþ àëãåáðà-
è÷åñêèõ ïðåîáðàçîâàíèé. Òàêæå ñôîðìóëèðîâàíî óðàâíåíèå äëÿ ñîáñòâåííûõ çíà÷åíèé
çàäà÷è Øòóðìà � Ëèóâèëëÿ, âûðàæåííîå ÷åðåç ðåøåíèå ìàòðè÷íîãî óðàâíåíèÿ Ðèê-
êàòè, è ïîëó÷åíî ýâîëþöèîííîå óðàâíåíèå äëÿ ñïåêòðàëüíîãî ïàðàìåòðà çàäà÷è Øòóð-
ìà � Ëèóâèëëÿ.

Êëþ÷åâûå ñëîâà: çàäà÷à Øòóðìà � Ëèóâèëëÿ, ìàòðè÷íîå óðàâíåíèå Ðèêêàòè, ìåòîä

ïîãðóæåíèÿ.

Ââåäåíèå

Ïðîáëåìà ðåøåíèÿ êðàåâûõ âîëíîâûõ çàäà÷ äîñòàòî÷íî àêòóàëüíà è â òî æå âðåìÿ
ñëîæíà. Äëÿ óðàâíåíèé Ãåëüìãîëüöà ïîñòðîåíèå óñòîé÷èâûõ ÷èñëåííûõ ìåòîäîâ äî ñèõ
ïîð îñòàåòñÿ âîñòðåáîâàííîé çàäà÷åé. Ïðè ðåøåíèè ñêàëÿðíûõ óðàâíåíèé îäíèì èç ýôôåê-
òèâíûõ ïîäõîäîâ ÿâëÿåòñÿ ìåòîä ïðîãîíêè, èëè ìåòîä äèôôåðåíöèàëüíîé ïðîãîíêè [1]. Äëÿ
ìíîãèõ ôèçè÷åñêèõ ïðèëîæåíèé áîëåå ïðèåìëåìûì âàðèàíòîì òàêîãî ïîäõîäà ÿâëÿåòñÿ ìå-
òîä èíâàðèàíòíîãî ïîãðóæåíèÿ [1, 2, 3]. Ýòîò ìåòîä îáû÷íî èñïîëüçóåòñÿ ïðèìåíèòåëüíî ê
ñêàëÿðíûì âîëíîâûì çàäà÷àì.

×àñòî ïîñòàíîâêà çàäà÷è èìååò âåêòîðíûé âèä, òî åñòü îïèñûâàåòñÿ ñèñòåìîé óðàâíå-
íèé Ãåëüìãîëüöà ñ ñîîòâåòñòâóþùèìè êðàåâûìè óñëîâèÿìè. Òàêàÿ ïîñòàíîâêà âîçíèêàåò,
íàïðèìåð, â çàäà÷àõ ðàñïðîñòðàíåíèÿ âîëí â íåñëîèñòûõ âîëíîâîäàõ ïðè èñïîëüçîâàíèè
îáîáùåíèé ìåòîäà íîðìàëüíûõ âîëí [4] èëè â çàäà÷àõ ãèäðîäèíàìè÷åñêîé óñòîé÷èâîñòè
[5]. Ìíîãèå àâòîðû óêàçûâàþò íà âîçìîæíîñòü îáîáùåíèÿ ìåòîäà èíâàðèàíòíîãî ïîãðóæå-
íèÿ íà ìàòðè÷íûé ñëó÷àé. Íî âûâîä ìàòðè÷íîãî óðàâíåíèÿ Ðèêêàòè ïðèâåäåí òîëüêî â
ðàáîòå [3], â êîòîðîé ðàññìîòðåí ïðîñòåéøèé ñëó÷àé êðàåâûõ óñëîâèé ñ íåâûðîæäåííûìè
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ìàòðèöàìè. Â ðåàëüíûõ çàäà÷àõ ìàòðèöû, îïðåäåëÿþùèå óñëîâèÿ íà ãðàíèöå, ìîãóò áûòü
âûðîæäåííûìè (ñì., íàïðèìåð, [4, 5]).

Â äàííîé ðàáîòå ïðåäëàãàåòñÿ èìïåäàíñíîå àëãåáðàè÷åñêîå ïðåîáðàçîâàíèå, êîòîðîå ïîç-
âîëÿåò ñâåñòè çàäà÷ó Øòóðìà � Ëèóâèëëÿ, îïèñûâàåìóþ ñèñòåìîé óðàâíåíèé Ãåëüìãîëüöà
ñ âûðîæäåííûìè êðàåâûìè óñëîâèÿìè, ê ðåãóëÿðíîé çàäà÷å Øòóðìà � Ëèóâèëëÿ. Äëÿ
ïîëó÷åííîé çàäà÷è âûâîäÿòñÿ óðàâíåíèÿ ìåòîäà èíâàðèàíòíîãî ïîãðóæåíèÿ è îáñóæäàþò-
ñÿ ìåòîäû ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ Ðèêêàòè. Êðîìå òîãî, âûâîäèòñÿ ýâîëþöèîííîå
óðàâíåíèå äëÿ ñïåêòðàëüíîãî ïàðàìåòðà çàäà÷è Øòóðìà � Ëèóâèëëÿ, êîòîðîå ïîçâîëÿåò
èçáåæàòü âû÷èñëåíèÿ ðåøåíèé çàäà÷è äëÿ áîëüøîãî ÷èñëà çíà÷åíèé ñïåêòðàëüíîãî ïàðà-
ìåòðà, à òàêæå òðóäíîñòåé, ñâÿçàííûõ ñ áîëüøèìè ïðîèçâîäíûìè â äèñïåðñèîííîì óðàâ-
íåíèè.

Òàêèì îáðàçîì, öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ âûâîä óðàâíåíèé èíâàðèàíòíîãî ïîãðó-
æåíèÿ, òî åñòü ñâåäåíèå ìàòðè÷íîé êðàåâîé âîëíîâîé çàäà÷è ê çàäà÷å ñ íà÷àëüíûìè óñëîâè-
ÿìè â ñëó÷àå âûðîæäåííûõ êðàåâûõ óñëîâèé. Â ðàìêàõ ìåòîäà èíâàðèàíòíîãî ïîãðóæåíèÿ
âûâåäåíî äèñïåðñèîííîå óðàâíåíèå äëÿ çàäà÷è Øòóðìà � Ëèóâèëëÿ, ñôîðìóëèðîâàíî ýâî-
ëþöèîííîå óðàâíåíèå äëÿ ñïåêòðàëüíîãî ïàðàìåòðà çàäà÷è Øòóðìà � Ëèóâèëëÿ. Êðîìå
òîãî, â ðàáîòå ïîêàçàíî, ÷òî ðåøåíèÿ çàäà÷è Øòóðìà � Ëèóâèëëÿ è äèñïåðñèîííûå óðàâ-
íåíèÿ ïðè ðàçëè÷íûõ êðàåâûõ óñëîâèÿõ ñâÿçàíû àëãåáðàè÷åñêèìè ñîîòíîøåíèÿìè, âêëþ-
÷àþùèìè êîýôôèöèåíòû êðàåâûõ óñëîâèé è ðåøåíèå ýòàëîííîãî óðàâíåíèÿ Ðèêêàòè.

Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó óðàâíåíèé âòîðîãî ïîðÿäêà(
d2

dx2
+ Γ(x)

d

dx
+K(x, λ)

)
U⃗(x) = 0⃗ (1)

ñ êðàåâûìè óñëîâèÿìè âèäà(
A

d

dx
U⃗(x) +BU⃗(x)

)
|x=L0 = 0⃗,

(
A1

d

dx
U⃗(x) +B1U⃗(x)

)
|x=L = 0⃗, (2)

ãäå Γ(x),K(x, λ) � íåïðåðûâíûå íà ïðîìåæóòêå (L0, L) êâàäðàòíûå n×n ìàòðèöû-ôóíêöèè,
U⃗(x) � íåèçâåñòíàÿ âåêòîð-ôóíêöèÿ (ñòîëáåö ðàçìåðíîñòè n), à A, B, A1, B1 � ïîñòîÿííûå
n× n ìàòðèöû, ãäå n ñ÷èòàåì ïðîèçâîëüíûì. Íèæå ìû áóäåì ïîìå÷àòü âåêòîðû ñòðåëêîé,
÷òîáû îòëè÷àòü èõ îò ìàòðèö. Èñïîëüçóåì ñòàíäàðòíûå îáîçíà÷åíèÿ: E äëÿ åäèíè÷íîé
ìàòðèöû, 0 äëÿ íóëåâîé ìàòðèöû è 0⃗ äëÿ íóëåâîãî âåêòîðà. Äëÿ ÷àñòè ðåçóëüòàòîâ äî-
ñòàòî÷íî íåïðåðûâíîñòè ìàòðèöû K(x, λ) êàê ôóíêöèè ñïåêòðàëüíîãî ïàðàìåòðà λ. Ìû
áóäåì ñ÷èòàòü åå äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìîé ôóíêöèåé ýòîãî ïàðàìåòðà íà
âñåé âåùåñòâåííîé îñè. Çäåñü ìû ðàññìàòðèâàåì îäíîðîäíûå êðàåâûå óñëîâèÿ, ïîñêîëüêó
íàñ èíòåðåñóåò ðåøåíèå çàäà÷èØòóðìà � Ëèóâèëëÿ [1]�[9]. ÌàòðèöûA, B,A1, B1 äîëæíû
îáåñïå÷èâàòü ïîëíûé íàáîð êðàåâûõ óñëîâèé, òî åñòü ñóììà ðàíãîâ ìàòðèö A, B è ñóììà
ðàíãîâ ìàòðèö A, B1 äîëæíû áûòü íå ìåíüøå n.

Êàê ïîêàçàíî â [2], [3], [8], êðàåâàÿ çàäà÷à (1)�(2) ìîæåò áûòü ñâåäåíà ê ýâîëþöèîííîé
çàäà÷å äëÿ óðàâíåíèé ìåòîäà èíâàðèàíòíîãî ïîãðóæåíèÿ, ïî êðàéíåé ìåðå, ïðè íåâûðîæ-
äåííûõ ìàòðèöàõ A, B, A1, B1.

Óðàâíåíèÿ ìåòîäà èíâàðèàíòíîãî ïîãðóæåíèÿ

Ðàññìîòðèì âñïîìîãàòåëüíóþ ìàòðè÷íóþ êðàåâóþ çàäà÷ó [2, 3](
d2

dx2
+ Γ(x)

d

dx
+K(x, λ)

)
U(x;L) = 0 (3)
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ñ óñëîâèÿìè(
A

d

dx
U(x;L) +BU(x;L)

)
|x=L0 = 0,

(
A1

d

dx
U(x;L) +B1U(x;L)

)
|x=L = E. (4)

Çäåñü ìû ñ÷èòàåì ïîëîæåíèå ïðàâîé ãðàíèöû ïðîìåæóòêà ïåðåìåííûì ïàðàìåòðîì çàäà-
÷è è ââîäèì â íåèçâåñòíóþ ìàòðèöó-ôóíêöèþ çàâèñèìîñòü îò ýòîãî ïàðàìåòðà. Íàñ, êî-
íå÷íî, èíòåðåñóåò ðåøåíèå âåêòîðíîé çàäà÷è (1), (2), íî óðàâíåíèÿ ìåòîäà èíâàðèàíòíîãî
ïîãðóæåíèÿ ïîëó÷àþòñÿ òîëüêî äëÿ ìàòðè÷íîé çàäà÷è. Íåèçâåñòíàÿ âåêòîð-ôóíêöèÿ, êîòî-
ðàÿ ÿâëÿåòñÿ ðåøåíèåì èñõîäíîé çàäà÷è, áóäåò âûðàæåíà ÷åðåç ìàòðèöó-ôóíêöèþ U(x;L).
Îòìåòèì, ÷òî ôóíêöèÿ U(x;L) ôàêòè÷åñêè ïðåäñòàâëÿåò ñîáîé àíàëîã ôóíêöèè Ãðèíà ñ
èñòî÷íèêàìè, ðàñïîëîæåííûìè íà ãðàíèöå. Ñ äðóãîé ñòîðîíû, ýòî óðàâíåíèå îïèñûâàåò
ïàäåíèå ïëîñêîé âîëíû íà ñëîé ñ ïðîíèöàåìûìè ãðàíèöàìè [2]. Îòìåòèì, ÷òî â êà÷åñòâå
âñïîìîãàòåëüíûõ èñòî÷íèêîâ íà âòîðîé ãðàíèöå âìåñòî åäèíè÷íîé ìàòðèöû ìîæíî èñïîëü-
çîâàòü ïðîèçâîëüíóþ íåâûðîæäåííóþ ìàòðèöó. Òîãäà ìû ïîëó÷èì ðåøåíèå çàäà÷è î ïà-
äåíèè ïðîèçâîëüíîé êîìáèíàöèè âîëí íà ïðàâóþ ãðàíèöó. Ìû èñïîëüçîâàëè åäèíè÷íóþ
ìàòðèöó, ïîñêîëüêó íàñ èíòåðåñóåò çàäà÷à Øòóðìà � Ëèóâèëëÿ, à èñòî÷íèêè ïîëÿ íà ïðà-
âîé ãðàíèöå îáëàñòè èãðàþò âñïîìîãàòåëüíóþ ðîëü.

Â ðàáîòå [3] äëÿ ÷àñòíîãî ñëó÷àÿ çàäà÷è (3), (4) ñ íåâûðîæäåííîé ìàòðèöåéA1 ïîëó÷åíû
óðàâíåíèÿ ìåòîäà èíâàðèàíòíîãî ïîãðóæåíèÿ. Äëÿ áîëüøåé íàãëÿäíîñòè ïðèâåäåì ïåðâîå
èç ýòèõ óðàâíåíèé (ïðîöåäóðà âûâîäà áóäåò îáñóæäåíà íèæå)

∂

∂L
U(x;L) = U(x;L)Λ(L), U(x;L) |L=x = U(x;x) = Ux, (5)

ãäå ââåäåíî îáîçíà÷åíèå U(x;x) = Ux, à ìàòðèöà Λ(L) èìååò âèä

Λ(L) = A1

[
Γ(L)−A−1

1 B1

]
A−1

1 +A1

[
K(L) +A−2

1 B2
1 − Γ(L)A−1

1 B1

]
UL. (6)

Çàäà÷ó Êîøè (5) íóæíî äîïîëíèòü ìàòðè÷íûì óðàâíåíèåì Ðèêêàòè [3] äëÿ ìàòðèöû-
ôóíêöèè UL, êîòîðîå ìû ïðèâåäåì íèæå.

Â äàííîì ñëó÷àå ñóùåñòâåííî, ÷òî ïîëó÷åííîå óðàâíåíèå íå èìååò ñìûñëà ïðè âûðîæ-
äåííîé ìàòðèöå A1. Åñëè ìàòðèöà A1 âûðîæäåííàÿ, íî íåâûðîæäåííà ìàòðèöà B1, òî âû-
âîä óðàâíåíèé ïîãðóæåíèÿ èç [3] ìîæíî ïîâòîðèòü, èñïîëüçóÿ ôóíêöèþVL = d

dxU(x;L) |x=L .
Â ñëó÷àå, êîãäà îáå ìàòðèöû A1, B1 èç êðàåâîãî óñëîâèÿ íà ïðàâîé ãðàíèöå èíòåðâàëà âû-
ðîæäåííû, ïîëó÷èòü óðàâíåíèÿ ìåòîäà èíâàðèàíòíîãî ïîãðóæåíèÿ íàïðÿìóþ èç çàäà÷è (3),
(4) íå óäàåòñÿ. Èìåííî ýòîò ñëó÷àé íàñ èíòåðåñóåò, ïîñêîëüêó òàêàÿ ñèòóàöèÿ âîçíèêàåò â
ðåàëüíûõ çàäà÷àõ (ñì., íàïðèìåð, [5]). Â ïðèíöèïå ýòó ïðîáëåìó ìîæíî ïîïûòàòüñÿ ðåøèòü,
âûâîäÿ óðàâíåíèÿ ìåòîäà èíâàðèàíòíîãî ïîãðóæåíèÿ ïîêîìïîíåíòíî, èñïîëüçóÿ ÷àñòè÷íî
êîìïîíåíòû ìàòðèöû UL è ÷àñòè÷íî êîìïîíåíòû ìàòðèöû VL. Ïðè òàêîì ïîäõîäå ïðîöå-
äóðà âûâîäà ñòàíîâèòñÿ î÷åíü ãðîìîçäêîé, à ïîëó÷àþùèåñÿ ìàòðè÷íûå óðàâíåíèÿ Ðèêêàòè
íåóäîáíû äëÿ ðåøåíèÿ. Ãëàâíàÿ æå ïðîáëåìà ñîñòîèò â òîì, ÷òî âûâîä óðàâíåíèé ïîãðó-
æåíèÿ îñòàåòñÿ íåâîçìîæíûì è â ÷àñòíîì ñëó÷àå, êîãäà ìàòðèöà A1 + B1 âûðîæäåííàÿ,
÷òî òîæå âñòðå÷àåòñÿ â ðåàëüíûõ çàäà÷àõ.

Ìû ïðåäëàãàåì àëãåáðàè÷åñêîå ïðåîáðàçîâàíèå, êîòîðîå ïðèâîäèò ñèíãóëÿðíóþ êðàå-
âóþ çàäà÷ó, òî åñòü çàäà÷ó ñ âûðîæäåííûìè ìàòðèöàìè â êðàåâûõ óñëîâèÿõ, ê ðåãóëÿðíî-
ìó âèäó. Ýòî ïðåîáðàçîâàíèå àíàëîãè÷íî èìïåäàíñíîìó ïðåîáðàçîâàíèþ, ïîëó÷åííîìó äëÿ
ñêàëÿðíîãî ñëó÷àÿ â [7].

Äëÿ ñîêðàùåíèÿ âûêëàäîê ââåäåì îáîçíà÷åíèå V(x;L) = d
dxU(x;L), VL = V(L;L) è

ðàññìîòðèì íîâûå íåèçâåñòíûå ìàòðèöû ôóíêöèè Uq(x;L), Vq(x;L) =
d
dxUq(x;L), ñâÿçàí-

íûå ñ èñõîäíûìè ïðåîáðàçîâàíèåì âèäà

Vq(x;L) = V(x;L) (E−A2UL −B2VL))
−1 ,

Uq(x;L) = U(x;L) (E−A2UL −B2VL))
−1 .

(7)
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Òàêæå áóäåì èñïîëüçîâàòü ìàòðèöû-ôóíêöèè UqL, VqL, âûðàæåíèÿ äëÿ êîòîðûõ ÷åðåç
ìàòðèöû UL, VL ïîëó÷àþòñÿ èç (7), åñëè ïîëîæèòü â íèõ x = L. Îáðàòíûå ïðåîáðàçîâàíèÿ
äëÿ ìàòðèö-ôóíêöèé áåç èíäåêñà �q� ÷åðåç íîâûå ìàòðèöû èìåþò âèä

U(x;L) = Uq(x;L) (E+A2VqL +B2UqL)
−1

V(x;L) = Vq(x;L) (E+A2VqL +B2UqL)
−1 .

(8)

Ìû ïðåäïîëàãàåì, ÷òî ìàòðèöû (E−A2UL −B2VL)) è (E+A2VqL +B2UqL) íåâûðîæ-
äåííûå íà âñåì èíòåðâàëå èçìåíåíèé L, êðîìå êîíå÷íîãî ÷èñëà òî÷åê.

Ïîñêîëüêó ìàòðèöû Vq(x;L), Uq(x;L) îòëè÷àþòñÿ îò V(x;L), U(x;L) ïîñòîÿííûì ìíî-
æèòåëåì, îíè áóäóò óäîâëåòâîðÿòü ñèñòåìå óðàâíåíèé (3) îäíîâðåìåííî ñ èñõîäíûìè. Ïîä-
ñòàâëÿÿ (8) â óñëîâèÿ (4), ïîëó÷àåì, ÷òî ìàòðèöû-ôóíêöèè ñ èíäåêñîì �q� óäîâëåòâîðÿþò
ñèñòåìå óðàâíåíèé (3) ñ óñëîâèÿìè

(AVq(x;L) +BUq(x;L)) |x=L0 = 0,

((A1 −A2)Vq(x;L) + (B1 −B2)Uq(x;L)) |x=L = E.
(9)

Òåïåðü ìû ìîæåì âûáðàòü ìàòðèöû A2, B2 òàêèì îáðàçîì, ÷òîáû ìàòðèöû A3 =
A1−A2, B3 = B1−B2 è ìàòðèöà (E+A2VqL +B2UqL) áûëè íåâûðîæäåííûìè. Åñòåñòâåí-
íî, âûáîð ìàòðèö ïðåîáðàçîâàíèÿ çàâèñèò îò êîíêðåòíîãî âèäà èñõîäíûõ ìàòðèö, âõîäÿùèõ
â êðàåâîå óñëîâèå (4). Åùå îäíî çàìå÷àíèå ñîñòîèò â òîì, ÷òî, âîîáùå ãîâîðÿ, íàì íóæíî
îáåñïå÷èòü íåâûðîæäåííîñòü òîëüêî îäíîé èç ìàòðèö. À ïðåîáðàçîâàíèå (7) ïîçâîëÿåò îáåñ-
ïå÷èòü íåâûðîæäåííîñòü äâóõ ìàòðèö A3, B3 â êðàåâûõ óñëîâèÿõ (9). Ýòîé âîçìîæíîñòüþ
ñëåäóåò âîñïîëüçîâàòüñÿ, ïîñêîëüêó íåâûðîæäåííîñòü äâóõ ìàòðèö óïðîùàåò âûâîä óðàâ-
íåíèé ïîãðóæåíèÿ.

Áëàãîäàðÿ âûáîðó âèäà ìàòðèö ïðåîáðàçîâàíèÿ, ìû ìîæåì âûâåñòè óðàâíåíèÿ ìåòîäà
èíâàðèàíòíîãî ïîãðóæåíèÿ äëÿ ðåãóëÿðíîé êðàåâîé çàäà÷è (3), (9).

Êðàòêî ïîâòîðèì ïðîöåäóðó âûâîäà, ïðåäëîæåííóþ â [3]. Äèôôåðåíöèðóÿ óðàâíåíèå
(3) äëÿ ìàòðèöû ôóíêöèè Uq(x;L) ïî ïàðàìåòðó L, ïîëó÷àåì óðàâíåíèå(

d2

dx2
+ Γ(x)

d

dx
+K(x, λ)

)
∂

∂L
Uq(x;L) = 0. (10)

Óðàâíåíèå (10) ñîâïàäàåò ñ èñõîäíûì è, ñëåäîâàòåëüíî, ìîæíî íàïèñàòü ðàâåíñòâî

∂

∂L
Uq(x;L) = Uq(x;L)Λ(L), Uq(x;L) |L=x = Uq(x;x) = Uqx, (11)

êîòîðîå ìû äîïîëíèëè î÷åâèäíûì íà÷àëüíûì óñëîâèåì.
Ìàòðèöó Λ(L) íàéäåì ñ ïîìîùüþ êðàåâîãî óñëîâèÿ (9) ïðè x = L. Óìíîæàÿ âûðàæåíèå

(9) ñïðàâà íà ìàòðèöó Λ(L), ïîëó÷àåì ñîîòíîøåíèå

A3
∂

∂L
Vq(x;L)

∣∣∣∣x=L +B3
∂

∂L
Uq(x;L)

∣∣∣∣ x=L = Λ(L).

Äèôôåðåíöèðóÿ æå ýòî êðàåâîå óñëîâèå ïî L, ïîëó÷àåì

A3
∂

∂L
Vq(x;L)

∣∣∣∣x=L +B3
∂

∂L
Uq(x;L)

∣∣∣∣ x=L = −A3
∂

∂x
Vq(x;L)

∣∣∣∣x=L −B3
∂

∂x
Uq(x;L)

∣∣∣∣ x=L.

Âû÷èñëèì ïðàâóþ ÷àñòü ïîñëåäíåãî âûðàæåíèÿ

Λ(L) = A3

[
Γ(L)−A−1

3 B3

]
A−1

3 +A3

[
K(L) +A−2

3 B2
3 − Γ(L)A−1

3 B3

]
UqL. (12)
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Ïîëó÷åííîå äëÿ ìàòðèöû âûðàæåíèå ñîâïàäàåò ñ (6) ñ òîé òîëüêî ðàçíèöåé, ÷òî îíî âûâå-
äåíî äëÿ ìàòðèö ôóíêöèé ñ èíäåêñîì �q�. Âõîäÿùèå â íåãî ïîñòîÿííûå ìàòðèöû íåâûðîæ-
äåííûå. Äàëåå, äèôôåðåíöèðóÿ ìàòðèöó-ôóíêöèþ UqL ïî L, ïîëó÷àåì ñîîòíîøåíèå

d

dL
Uq(L;L) =

∂

∂L
Uq(x;L) |x=L +

∂

∂x
Uq(x;L) |x=L .

Ïåðâûé ÷ëåí â ïðàâîé ÷àñòè íàõîäèì èç óðàâíåíèÿ (11), à âòîðîé � èç êðàåâîãî óñëîâèÿ
(9), ïîñëå ÷åãî ïîëó÷àåì ìàòðè÷íîå óðàâíåíèå Ðèêêàòè

d

dL
UqL = A−1

3 −A−1
3 B3UqL +UqLA3

[
Γ(L)−A−1

3 B3

]
A−1

3 +

+UqLA3

[
K(L) +A−2

3 B2
3 − Γ(L)A−1

3 B3

]
UqL.

(13)

Íà÷àëüíîå óñëîâèå äëÿ ìàòðè÷íîãî óðàâíåíèÿ Ðèêêàòè ïîëó÷àåì èç óñëîâèÿ ñîâìåñòíîñòè
êðàåâûõ óñëîâèé (9) ïðè L → L0:

UqL0 =
(
A−1

3 B3 −A−1B
)
A−1

3 . (14)

Â ñëó÷àå, åñëè ìàòðèöàA âûðîæäåííàÿ, íà÷àëüíîå óñëîâèå íóæíî ïîëó÷àòü ïî-äðóãîìó,
íî ýòî íå ñëîæíî, è ìû íå áóäåì ðàññìàòðèâàòü ýòîò ñëó÷àé (ñì., íàïðèìåð, [8]).

Òàêèì îáðàçîì, ïðîöåäóðà ðåøåíèÿ âñïîìîãàòåëüíîé êðàåâîé çàäà÷è, êîòîðàÿ ìîæåò
ïðåäñòàâëÿòü è ñàìîñòîÿòåëüíûé èíòåðåñ, ñîñòîèò â ñëåäóþùåì. Ìû äîëæíû ðåøèòü ìàò-
ðè÷íîå óðàâíåíèå Ðèêêàòè (13) ñ íà÷àëüíûì óñëîâèåì (14). Çàòåì ðåøàåì çàäà÷ó Êîøè
(11), (12) äëÿ ëèíåéíîãî ìàòðè÷íîãî óðàâíåíèÿ. È, íàêîíåö, ñ ïîìîùüþ ïðåîáðàçîâàíèé (8)
ïîëó÷àåì ðåøåíèå êðàåâîé çàäà÷è (3), (4).

Ïðåîáðàçîâàíèå (8) óäîáíî ïðåäñòàâèòü â âèäå, íå çàâèñÿùåì îò ìàòðèöû-ôóíêöèè VqL.
Èñïîëüçóåì êðàåâîå óñëîâèå (9), èç êîòîðîãî ñëåäóåò

VqL = A−1
3 −A−1

3 B3UqL, (15)

è

U(x, L) = Uq(x, L) (A1 −A2)A
−1
2

(
A1A

−1
2 −E+

(
E−B1 +A1A

−1
2 B2

)
UqL

)−1
. (16)

Äèñïåðñèîííîå óðàâíåíèå äëÿ çàäà÷è Øòóðìà � Ëèóâèëëÿ

Óñëîâèÿ ðàçðåøèìîñòè çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ ìîãóò áûòü âûðàæåíû ÷åðåç ðå-
øåíèå óðàâíåíèÿ Ðèêêàòè [9]�[11]. Òàêîé ïîäõîä õîðîøî èçó÷åí äëÿ ñêàëÿðíîé ïîñòàíîâêè
çàäà÷è. Äëÿ ìàòðè÷íîé çàäà÷è Øòóðìà � Ëèóâèëëÿ íàì íå èçâåñòíû ðàáîòû, â êîòîðûõ
ïîëó÷åíî äèñïåðñèîííîå óðàâíåíèå ÷åðåç ðåøåíèå ìàòðè÷íîãî óðàâíåíèÿ Ðèêêàòè.

Äëÿ âûÿâëåíèÿ óñëîâèé ðàçðåøèìîñòè çàäà÷è Øòóðìà � Ëèóâèëëÿ (1), (2) íàì ïîòðå-
áóåòñÿ íåêîòîðîå ïðåîáðàçîâàíèå âñïîìîãàòåëüíîé çàäà÷è. Ñíà÷àëà óïðîñòèì ìàòðè÷íîå
óðàâíåíèå Ðèêêàòè, ââåäÿ çàìåíó

UqL = (XA3 +B3)
−1 . (17)

Äëÿ ñîêðàùåíèÿ âûêëàäîê, íå òåðÿÿ îáùíîñòè, ìû ïîëîæèëè Γ(L) = 0. Ïîëó÷èì ìàòðè÷íîå
óðàâíåíèå Ðèêêàòè âèäà

d

dL
X = −X2 +R2, R2 = −A3K(L)A−1

3 −A−1
3 B2

3A
−1
3 +B3A

−1
3 B3A

−1
3 . (18)
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Òàêèì îáðàçîì, íàøè ïðåîáðàçîâàíèÿ, êðîìå ðåãóëÿðèçàöèè êðàåâûõ óñëîâèé, ïîçâîëè-
ëè ñâåñòè çàäà÷ó ê óðàâíåíèþ Ðèêêàòè ïðîñòîãî âèäà, ìåòîäû ðåøåíèÿ êîòîðîãî õîðîøî
èçó÷åíû [12]�[14].

Óðàâíåíèå äëÿ ïîëÿ ïðåîáðàçóåì ñ ïîìîùüþ çàìåíûUq(x;L) = Φ(x;L)UqL,Φ(x;L) |L=x =
E è ïîëó÷èì óðàâíåíèå

∂

∂L
Φ(x;L) = Φ(x;L)

{
−A−1

3 XA3

}
, Φ(x;L) |L=x = E . (19)

Îñîáåííî ïðîñòî óðàâíåíèÿ (18), (19) âûãëÿäÿò, åñëè âûáðàòü ìàòðèöó A2 òàê, ÷òî A3 = E.
Òàêîé âûáîð ìàòðèöû ïðåîáðàçîâàíèÿ âîçìîæåí âñåãäà, ïîýòîìó äàëåå ìû áóäåì ðàññìàò-
ðèâàòü ýòîò âàðèàíò. Óðàâíåíèÿ ïîãðóæåíèÿ ïðè ýòîì ïðèíèìàþò âèä

d
dLX = −X2 +R2, R2 = −K(L),
∂
∂LΦ(x;L) = Φ(x;L)X, Φ(x;L) |L=x = E .

(20)

Ïîñêîëüêó ìàòðèöû ôóíêöèè Uq(x;L) è Φ(x;L) îòëè÷àþòñÿ ïîñòîÿííûì ìíîæèòåëåì,
íå çàâèñÿùèì îò ïîëîæåíèÿ ïåðâîé ãðàíèöû, à Uq(x;L) óäîâëåòâîðÿåò óñëîâèþ (4) íà ïåð-
âîé ãðàíèöå, òî èΦ(x;L) óäîâëåòâîðÿåò ýòîìó óñëîâèþ è èñõîäíîìó ìàòðè÷íîìó óðàâíåíèþ
Ãåëüìãîëüöà (3).

Ìàòðèöà Φ(x;L) ÿâëÿåòñÿ ôóíäàìåíòàëüíîé ìàòðèöåé óðàâíåíèÿ (1). Áëàãîäàðÿ íà-
÷àëüíîìó óñëîâèþ äëÿ ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ Ðèêêàòè îíà óäîâëåòâîðÿåò êðàåâî-
ìó óñëîâèþ (4)íà ëåâîé ãðàíèöå îáëàñòè.

Òàêèì îáðàçîì, ðåøåíèå çàäà÷è Øòóðìà � Ëèóâèëëÿ áóäåì èñêàòü â âèäå Φ(x;L)a⃗.
Ïîëó÷èì óñëîâèå äëÿ ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ Ðèêêàòè (20), ïðè êîòîðîì âåêòîð-
ôóíêöèÿ Φ(x;L)a⃗ áóäåò óäîâëåòâîðÿòü âòîðîìó îäíîðîäíîìó êðàåâîìó óñëîâèþ (2) [9]. Èç
ýòîãî óñëîâèÿ ïîëó÷àåì(

A1
d
dxΦ(x;L)a⃗+B1Φ(x;L)a⃗

)
|x=L =

(
A1

d
dxUq(x;L)U

−1
qL +B1

)
a⃗ |x=L =

= (A1X+B1) a⃗ = 0⃗.
(21)

Ïîëó÷åííîå îäíîðîäíîå àëãåáðàè÷åñêîå óðàâíåíèå äëÿ îïðåäåëåíèå âåêòîðà a⃗ èìååò íåòðè-
âèàëüíîå ðåøåíèå ïðè óñëîâèè

det (A1X(L, λ) +B1) = 0. (22)

Èòàê, ðåøåíèå çàäà÷è Øòóðìà � Ëèóâèëëÿ ñëåäóåò ïðîâîäèòü ñëåäóþùèì îáðàçîì.
Íóæíî ðåøàòü äèñïåðñèîííîå óðàâíåíèå (22), ïðè ýòîì äëÿ êàæäîãî çíà÷åíèÿ ñïåêòðàëü-
íîãî ïàðàìåòðà λ ñëåäóåò ðåøàòü çàäà÷ó Êîøè äëÿ ìàòðè÷íîãî óðàâíåíèå Ðèêêàòè (20).

Äëÿ íàéäåííîãî çíà÷åíèÿ ñïåêòðàëüíîãî ïàðàìåòðà λj , ãäå j � íîìåð ñîáñòâåííîãî çíà-
÷åíèÿ, íóæíî ðåøèòü çàäà÷ó Êîøè äëÿ ëèíåéíîãî ìàòðè÷íîãî óðàâíåíèÿ (20) è íàéòè
êàêîå-ëèáî ðåøåíèå a⃗ îäíîðîäíîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ (21). Ïîëó÷åííàÿ âåêòîð-

ôóíêöèÿ Φ(x;L, λj) ⃗a(λj) áóäåò ñîáñòâåííîé ôóíêöèåé çàäà÷è (1), (2).
Ïðîèëëþñòðèðóåì ïîëó÷åííîå äèñïåðñèîííîå óðàâíåíèå íà ïðîñòîì ïðèìåðå. Ïóñòü A1,

B1 � âûðîæäåííûå ìàòðèöû òàêèå, ÷òî A1 +B1 = E, íàïðèìåð:

A1 =

 0 0 0
0 0 0
0 0 1

 , B1 =

 1 0 0
0 1 0
0 0 0

 ,

è âûáåðåì A3 = A1 −A2 = E.
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Òîãäà óðàâíåíèå (22) âûãëÿäèò êàê 1 0 0
0 1 0
X31 X32 X33

 = 0,

à óñëîâèå ðàçðåøèìîñòè çàäà÷è Øòóðìà � Ëèóâèëëÿ ñâîäèòñÿ ê ðàâåíñòâó

X33(L, λ) = 0. (23)

Ïðè ýòîì ñîáñòâåííîé ôóíêöèåé áóäåò òðåòèé ñòîëáåö ôóíäàìåíòàëüíîé ìàòðèöû.
Òàêèì îáðàçîì, ðåøåíèå çàäà÷è Øòóðìà � Ëèóâèëëÿ ñâåäåíî ê ðåøåíèþ çàäà÷è Êîøè

äëÿ ìàòðè÷íîãî óðàâíåíèÿ Ðèêêàòè, íàõîæäåíèþ çíà÷åíèÿ ñïåêòðàëüíîãî ïàðàìåòðà èç
äèñïåðñèîííîãî óðàâíåíèÿ, ðåøåíèþ àëãåáðàè÷åñêîé ñèñòåìû è ðåøåíèþ çàäà÷è Êîøè äëÿ
ëèíåéíîãî óðàâíåíèÿ (20), êîòîðîå äàåò ñîáñòâåííûå ôóíêöèè.

Ìåòîä ýâîëþöèè ñïåêòðàëüíî ïàðàìåòðà

Ðåøåíèå äèñïåðñèîííîãî óðàâíåíèÿ (22), êàê ïðàâèëî, íå î÷åíü ñëîæíàÿ çàäà÷à. Òåì íå
ìåíåå îáëàñòü, â êîòîðîé îïðåäåëèòåëü èç (22) ìåíÿåò çíàê, ìîæåò áûòü î÷åíü óçêîé. Ýòî
ñâÿçàíî ñ òåì, ÷òî ðåøåíèå óðàâíåíèÿ Ðèêêàòè ÷àñòî èìååò çàâèñèìîñòü îò ïàðàìåòðà, àíà-
ëîãè÷íóþ òàíãåíñó. Â òàêîé ñèòóàöèè ïðèìåíåíèå ñòàíäàðòíûõ ïîäõîäîâ, íàïðèìåð, ìåòîäà
Íüþòîíà, ìîæåò áûòü çàòðóäíåíî èëè ìîæåò ïîòðåáîâàòüñÿ âû÷èñëåíèå çíà÷åíèÿ îïðåäåëè-
òåëÿ äëÿ áîëüøîãî ÷èñëà çíà÷åíèé ñïåêòðàëüíîãî ïàðàìåòðà. Â ýòîì ñëó÷àå íåîáõîäèìîñòü
ìíîãîêðàòíîãî ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ Ðèêêàòè ñíèæàåò ýôôåêòèâíîñòü ÷èñëåí-
íîãî ìîäåëèðîâàíèÿ. Òîãäà ìîæíî äîïîëíèòåëüíî èñïîëüçîâàòü âòîðóþ ïðîèçâîäíóþ îò
îïðåäåëèòåëÿ ïî ñïåêòðàëüíîìó ïàðàìåòðó, ëèáî âîñïîëüçîâàòüñÿ ìåòîäîì ýâîëþöèè ñïåê-
òðàëüíîãî ïàðàìåòðà. Â ëþáîì ñëó÷àå, äàæå ïðè èñïîëüçîâàíèè ìåòîäà Íüþòîíà, òðåáóåòñÿ
çíàòü ïðîèçâîäíóþ îïðåäåëèòåëÿ èç äèñïåðñèîííîãî óðàâíåíèÿ ïî ñïåêòðàëüíîìó ïàðàìåò-
ðó. Íèæå ìû ïîëó÷èì ýâîëþöèîííîå óðàâíåíèå äëÿ ñïåêòðàëüíîãî ïàðàìåòðà, à òàêæå
óðàâíåíèå äëÿ óïîìÿíóòîé ïðîèçâîäíîé.

Ðàññìîòðèì âìåñòî (1) ñèñòåìó óðàâíåíèé [7]�[9](
d2

dx2
+K(x, λ, β)

)
U⃗(x) = 0, (24)

ãäå ïàðàìåòð β ââåäåí òàê, ÷òî ðåøåíèå ñïåêòðàëüíîé çàäà÷è èçâåñòíî ïðè íåêîòîðîì åãî
çíà÷åíèè, íàïðèìåð, K(x, λ, β) = K0(1−β)+K(x, λ)β, ãäå K0 � ïîñòîÿííàÿ íåâûðîæäåííàÿ
ìàòðèöà. Â ïîñëåäíåì ñëó÷àå ïðè β = 0 ðåøåíèå ñïåêòðàëüíîé çàäà÷è ëåãêî âûðàæàåòñÿ
÷åðåç ìàòðè÷íûå ýêñïîíåíòû, à ïðè β = 1 ìû ïîëó÷àåì ðåøåíèå èñõîäíîé ñïåêòðàëüíîé
çàäà÷è. Ñïåêòðàëüíûé ïàðàìåòð çàâèñèò îò β êàê îò ïàðàìåòðà. Çàïèøåì äèñïåðñèîííîå
óðàâíåíèå â âèäå (äëÿ ñîêðàùåíèÿ âûêëàäîê ìû îãðàíè÷èìñÿ ðàññìîòðåííûì ïðèìåðîì)

X33(L, λ(β), β) = 0. (25)

Äèôôåðåíöèðóÿ ïî ïàðàìåòðó, ïîëó÷àåì ýâîëþöèîííîå óðàâíåíèå

dλ

dβ
= −

∂
∂βX33(L, λ(β), β)

∂
∂λX33(L, λ(β), β)

. (26)

Íà÷àëüíûì óñëîâèåì äëÿ äàííîãî óðàâíåíèÿ ñëóæàò èçâåñòíûå íàì çíà÷åíèÿ ñïåêòðàëü-
íîãî ïàðàìåòðà λj(0). Äëÿ çàìûêàíèÿ óðàâíåíèÿ íóæíî ïîëó÷èòü âûðàæåíèÿ äëÿ ÷àñòíûõ
ïðîèçâîäíûõ.
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Ðàññìîòðèì ìàòðè÷íîå óðàâíåíèå Ðèêêàòè

d

dL
X = −X2 +R2, R2 = −K(L, λ, β). (27)

Äèôôåðåíöèðóÿ ýòî óðàâíåíèå ïî ïî λ è β, ïîëó÷àåì óðàâíåíèÿ â âàðèàöèÿõ

d

dL

∂

∂λ
X = −X

∂

∂λ
X− ∂

∂λ
XX− ∂

∂λ
K(L, λ, β),

∂

∂λ
X |L=L0 = 0, (28)

è
d

dL

∂

∂β
X = −X

∂

∂β
X− ∂

∂β
XX− ∂

∂β
K(L, λ, β)

∂

∂β
X |L=L0 = 0. (29)

Óðàâíåíèÿ (28), (29) ïðåäñòàâëÿþò ñîáîé äîñòàòî÷íî ïðîñòûå ëèíåéíûå ìàòðè÷íûå
óðàâíåíèÿ. Èõ ðåøåíèå íå ñîñòàâëÿåò áîëüøîãî òðóäà, ïî êðàéíåé ìåðå, ÷èñëåííî [12].
Óñëîæíåíèå, ñâÿçàííîå ñ äèôôåðåíöèðîâàíèåì îïðåäåëèòåëÿ â îáùåé ïîñòàíîâêå, íå ÿâëÿ-
åòñÿ ïðèíöèïèàëüíûì è ëåãêî ìîæåò áûòü ðàññìîòðåíî ïðè íåîáõîäèìîñòè.

Îïèøåì òåïåðü ïîëíóþ ïðîöåäóðó ðåøåíèÿ èñõîäíîé çàäà÷è Øòóðìà � Ëèóâèëëÿ (1),
(2) ñ èñïîëüçîâàíèåì óðàâíåíèé ìåòîäà ýâîëþöèè ñïåêòðàëüíîãî ïàðàìåòðà. Åñëè âî âòîðîì
êðàåâîì óñëîâèè (2) ìàòðèöû âûðîæäåííûå, ñ ïîìîùüþ ïðåîáðàçîâàíèÿ (7) ñ ó÷åòîì (15)
ïåðåõîäèì ê ðåãóëÿðíîé âñïîìîãàòåëüíîé êðàåâîé çàäà÷å (3), (9). Åñëè ìàòðèöû íåâûðîæ-
äåííûå, ìîæíî ñðàçó ðåøàòü çàäà÷ó (3), (4). Òåïåðü íóæíûå ìàòðèöû � íåâûðîæäåííûå
è ìîæíî âûâåñòè óðàâíåíèÿ ïîãðóæåíèÿ. Â íàøåì ñëó÷àå ýòî óðàâíåíèÿ (18) è (19) èëè
(20). Äàëåå ðåøàåì ÷èñëåííî ýâîëþöèîííîå óðàâíåíèå (26) äëÿ ñïåêòðàëüíîãî ïàðàìåòðà ñ
íà÷àëüíûìè óñëîâèÿìè, êîòîðûå ïîëó÷àåì àíàëèòè÷åñêè ïðè β = 0, íà èíòåðâàëå (0, 1) ïî
β. Îòìåòèì, ÷òî â îáùåì ñëó÷àå ýâîëþöèîííîå óðàâíåíèå ïîëó÷àåòñÿ àíàëîãè÷íî (26), äèô-
ôåðåíöèðîâàíèåì äèñïåðñèîííîãî óðàâíåíèÿ (22). Ïðè ýòîì äëÿ âñåõ çíà÷åíèé β, êîòîðûå
íåîáõîäèìû äëÿ âû÷èñëåíèÿ ïðàâîé ÷àñòè (26), ïîòðåáóåòñÿ ðåøàòü ìàòðè÷íîå óðàâíåíèå
Ðèêêàòè (27) è ëèíåéíûå ìàòðè÷íûå óðàâíåíèÿ (28), (29). Ïîëó÷èâ íóæíîå çíà÷åíèå ñïåê-
òðàëüíîãî ïàðàìåòðà λj , ðåøàåì äëÿ íåãî ìàòðè÷íûå óðàâíåíèÿ (18) è (19). Â ðåçóëüòàòå
ïîëó÷èì ñïåêòð èñõîäíîé çàäà÷è Øòóðìà � Ëèóâèëëÿ è ñîáñòâåííûå ôóíêöèè.

Îòìåòèì, ÷òî ðåøåíèå ìàòðè÷íîãî óðàâíåíèÿ Ðèêêàòè è ëèíåéíûõ ìàòðè÷íûõ óðàâíå-
íèé ÷èñëåííî çíà÷èòåëüíî ïðîùå, ÷åì ðåøåíèå èñõîäíîé âîëíîâîé êðàåâîé çàäà÷è [10, 11].

Îáñóæäåíèå ðåçóëüòàòîâ

Íàì óäàëîñü âûâåñòè óðàâíåíèÿ ìåòîäà èíâàðèàíòíîãî ïîãðóæåíèÿ, ñâîäÿùåãî êðàåâóþ
çàäà÷ó ê çàäà÷å ñ íà÷àëüíûìè äàííûìè äëÿ ñèñòåìû óðàâíåíèé Ãåëüìãîëüöà â ñëó÷àå ñèí-
ãóëÿðíûõ êðàåâûõ óñëîâèé, òî åñòü ïðè âûðîæäåííûõ ìàòðèöàõ, îïðåäåëÿþùèõ óñëîâèÿ
íà ãðàíèöàõ. Ïðåèìóùåñòâà ìåòîäà èíâàðèàíòíîãî ïîãðóæåíèÿ ïåðåä èñõîäíûìè óðàâíåíè-
ÿìè Ãåëüìãîëüöà ïðè ÷èñëåííîì ìîäåëèðîâàíèè è àíàëèçå ñòîõàñòè÷åñêèõ êðàåâûõ çàäà÷
õîðîøî èçâåñòíû. Âìåñòå ñ òåì ïðåäëîæåííîå íàìè àëãåáðàè÷åñêîå ïðåîáðàçîâàíèå ðåøàåò
åùå îäíó ïðîáëåìó. Åñëè êðàåâûå óñëîâèÿ íà îáåèõ ãðàíèöàõ îäèíàêîâûå, òî ïîñòàíîâêà íà-
÷àëüíîãî óñëîâèÿ ê ìàòðè÷íîìó óðàâíåíèþ Ðèêêàòè íåâîçìîæíà, òîãäà êàê â âûâåäåííûõ
íàìè óðàâíåíèÿõ èíâàðèàíòíîãî ïîãðóæåíèÿ òàêîé ïðîáëåìû íåò. Êðîìå îáû÷íûõ ïðåèìó-
ùåñòâ, óðàâíåíèÿ ìåòîäà èíâàðèàíòíîãî ïîãðóæåíèÿ ïîçâîëÿþò ñôîðìóëèðîâàòü äèñïåð-
ñèîííîå óðàâíåíèå äëÿ çàäà÷è Øòóðìà � Ëèóâèëëÿ. Äëÿ ñèñòåì óðàâíåíèé ýòîãî ñäåëàíî
íå áûëî. Ìû âîñïîëíèëè ýòîò ïðîáåë è âûâåëè ýâîëþöèîííîå óðàâíåíèå äëÿ ñïåêòðàëüíîãî
ïàðàìåòðà. Òàêæå íàìè áûëè ïîëó÷åíû óðàâíåíèÿ äëÿ ïðîèçâîäíûõ ðåøåíèÿ ìàòðè÷íîãî
óðàâíåíèÿ ïî ñïåêòðàëüíîìó ïàðàìåòðó. Ýòè ïðîèçâîäíûå ïîëåçíû ïðè ðåøåíèè äèñïåðñè-
îííîãî óðàâíåíèÿ ìåòîäîì Íüþòîíà. Â ñèëó õàðàêòåðíûõ îñîáåííîñòåé ðåøåíèÿ óðàâíåíèÿ
Ðèêêàòè (íàëè÷èå ñèíãóëÿðíîñòåé â íåêîòîðûõ òî÷êàõ èíòåðâàëà), â òîì ÷èñëå ìàòðè÷íîãî,
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ðåøåíèå äèñïåðñèîííîãî óðàâíåíèÿ íàïðÿìóþ ìîæåò áûòü íåïðîñòîé çàäà÷åé. Â ýòîì ñëó-
÷àå óäîáíî âîñïîëüçîâàòüñÿ ýâîëþöèîííûì óðàâíåíèåì äëÿ ñîáñòâåííûõ çíà÷åíèé çàäà÷è
Øòóðìà � Ëèóâèëëÿ. Âàðèàíò òàêîãî óðàâíåíèÿ òàêæå áûë ïîëó÷åí. Òàêèì îáðàçîì, ìû
ñôîðìóëèðîâàëè ïîäõîä è âûâåëè âñå íåîáõîäèìûå óðàâíåíèÿ äëÿ ðåøåíèÿ âåêòîðíîé çà-
äà÷è Øòóðìà � Ëèóâèëëÿ ïðè ïðîèçâîëüíûõ êðàåâûõ óñëîâèÿõ, â òîì ÷èñëå ñèíãóëÿðíûõ.

Îòìåòèì, ÷òî ñèíãóëÿðíîñòè â ðåøåíèè ìàòðè÷íîãî óðàâíåíèÿ Ðèêêàòè íå ÿâëÿþòñÿ
ïðîáëåìîé ïðè ÷èñëåííîì ðåøåíèè äàííîãî óðàâíåíèÿ [8], [9], [15]. Îòìåòèì, ÷òî ðåøåíèå
ìàòðè÷íîãî óðàâíåíèÿ Ðèêêàòè îáùåãî âèäà, äàæå â ñëó÷àå ïîñòîÿííûõ êîýôôèöèåíòîâ,
çàäà÷à äîâîëüíî òðóäíàÿ [12]. Ïîëó÷åííîå íàìè â ðàìêàõ ìåòîäà èíâàðèàíòíîãî ïîãðóæå-
íèÿ ìàòðè÷íîå óðàâíåíèå Ðèêêàòè â ñëó÷àå ïîñòîÿííûõ êîýôôèöèåíòîâ ëåãêî ðåøàåòñÿ ñ
ïîìîùüþ ìàòðè÷íûõ ýêñïîíåíò. Ïîñëåäíåå ñâîéñòâî ïîçâîëÿåò ïîëó÷àòü ðåêóððåíòíûå ñî-
îòíîøåíèÿ äëÿ ÷èñëåííîãî ðåøåíèÿ ýòîãî óðàâíåíèÿ, àíàëîãè÷íûå èñïîëüçîâàííûì â ñêà-
ëÿðíîì ñëó÷àå [9], [15]. Áîëåå òîãî, ïîäîáíûå ðåêóððåíòíûå ñîîòíîøåíèÿ ñðàçó æå ïðèâîäÿò
ê âûðàæåíèÿì äëÿ ñîáñòâåííûõ ôóíêöèé â âèäå ìàòðèöàíòà [16]. Èññëåäîâàíèå ðåøåíèé â
âèäå ìàòðèöàíòà ÿâëÿåòñÿ íàïðàâëåíèåì äëÿ äàëüíåéøåé ðàáîòû.
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ABSTRACT

In this paper we propose a method for solving boundary-value wave problems de-
scribed by the matrix system of Helmholtz equations. It has been shown that the
Sturm � Liouville problems with singular matrices in the boundary conditions are re-
duced to the forms with nondegenerate matrices by using algebraic transformations.
This allows to obtain matrix equations using the invariant imbedding method. The
solution of the Sturm � Liouville problem is reduced to the solution of the Cauchy
problem for the matrix Riccati equation. It has been shown that the solution of
the matrix Riccati equation can be constructed for arbitrary boundary conditions
chosen for reasons of convenience, and the solutions for given boundary conditions
are expressed in terms of the reference solution of the matrix Riccati equation with
algebraic transformations. An equation for the eigenvalues of the Sturm � Liouville
problem has also been formulated. It is expressed through the solution of the matrix
Riccati equation, and the evolution equation for the spectral parameter of Sturm �
Liouville problem has been obtained.
Key words: Sturm � Liouville problem, matrix Riccati equation, the immersion

method.


