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Î ÷èñëå ðåøåíèé äëÿ îäíîãî êëàññà óðàâíåíèé

ýëëèïòè÷åñêîãî òèïà ñî ñïåêòðàëüíûì ïàðàìåòðîì

è ðàçðûâíîé íåëèíåéíîñòüþ

Ðàññìàòðèâàåòñÿ âîïðîñ î ñóùåñòâîâàíèè ðåøåíèé â çàäà÷å Äèðèõëå äëÿ óðàâíåíèÿ
Ëàïëàñà ñî ñïåêòðàëüíûì ïàðàìåòðîì è ðàçðûâíîé ïî ôàçîâîé ïåðåìåííîé íåëèíåéíî-
ñòüþ. Âàðèàöèîííûì ìåòîäîì óñòàíàâëèâàåòñÿ òåîðåìà î ÷èñëå ðåøåíèé äëÿ èññëåäó-
åìîé çàäà÷è. Ïðèâåäåí ïðèìåð òàêîé ðàçðûâíîé íåëèíåéíîñòè, êîòîðàÿ óäîâëåòâîðÿåò
óñëîâèÿì òåîðåìû, è ïðè ýòîì ñóùåñòâóåò åäèíñòâåííîå ïîëóïðàâèëüíîå ðåøåíèå ðàñ-
ñìàòðèâàåìîé êðàåâîé çàäà÷è.

Êëþ÷åâûå ñëîâà: çàäà÷à Äèðèõëå, óðàâíåíèå Ëàïëàñà, ñïåêòðàëüíûé ïàðàìåòð, ðàç-
ðûâíàÿ íåëèíåéíîñòü, âàðèàöèîííûé ìåòîä, ÷èñëî ðåøåíèé.

Â ðàáîòàõ [1]�[3] ïîëó÷åíû òåîðåìû î ñóùåñòâîâàíèè ëó÷à ïîëîæèòåëüíûõ ñîáñòâåííûõ
çíà÷åíèé è îá îöåíêå ñâåðõó âåëè÷èíû áèôóðêàöèîííîãî ïàðàìåòðà äëÿ óðàâíåíèé ýëëèï-
òè÷åñêîãî òèïà âòîðîãî ïîðÿäêà ñ ðàçðûâíûìè ïî ôàçîâîé ïåðåìåííîé íåëèíåéíîñòÿìè.
Êðîìå òîãî, â ðàáîòàõ [1], [2] óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ íåòðèâè-
àëüíîãî ïîëóïðàâèëüíîãî ðåøåíèÿ [4] äëÿ òàêèõ çàäà÷. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ
âîïðîñ î ÷èñëå ðåøåíèé â çàäà÷å Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà ñî ñïåêòðàëüíûì ïà-
ðàìåòðîì è ðàçðûâíîé íåëèíåéíîñòüþ. Óñòàíàâëèâàåòñÿ ñóùåñòâîâàíèå ïî êðàéíåé ìåðå
îäíîãî íåíóëåâîãî ïîëóïðàâèëüíîãî ðåøåíèÿ, ïîñêîëüêó ïðè èçó÷åíèè ðÿäà ïðèêëàäíûõ
çàäà÷ èíòåðåñ ïðåäñòàâëÿþò èìåííî òàêèå ðåøåíèÿ (íàïðèìåð, â çàäà÷å îá îòðûâíûõ òå÷å-
íèÿõ íåñæèìàåìîé æèäêîñòè Ì.À. Ãîëüäøòèêà [5]).

Â îãðàíè÷åííîé îáëàñòè Ω ⊂ Rn c ãðàíèöåé Γ êëàññà C2,α (0 < α ≤ 1) ðàññìàòðèâàåòñÿ
ïðîáëåìà ñóùåñòâîâàíèÿ ðåøåíèé íèæåñëåäóþùåé çàäà÷è Äèðèõëå:

−∆u(x) = λg(x, u(x)), x ∈ Ω, (1)

u|Γ = 0. (2)

Çäåñü ∆ � îïåðàòîð Ëàïëàñà, λ � ïîëîæèòåëüíûé ïàðàìåòð, íàçûâàåìûé ñïåêòðàëüíûì,
ôóíêöèÿ g : Ω × R → R ñóïåðïîçèöèîííî èçìåðèìàÿ, è äëÿ ïî÷òè âñåõ x ∈ Ω ñå÷å-
íèå g(x, ·) èìååò íà R ðàçðûâû òîëüêî ïåðâîãî ðîäà, g(x, u) ∈ [g−(x, u), g+(x, u)] ∀u ∈ R,
g−(x, u) = lim

η→u
g(x, η), g+(x, u) = lim

η→u
g(x, η) è |g(x, u)| ≤ a(x) ∀u ∈ R, ãäå a ∈ Lq(Ω), q > 2n

n+2 ,

ôèêñèðîâàíà.
Ïóñòü X = H1

◦(Ω). Êðàåâîé çàäà÷å (1)�(2) ñîïîñòàâèì ôóíêöèîíàë Jλ(u), çàäàííûé íà
X, ñëåäóþùèì îáðàçîì: Jλ(u) = J1(u)− λJ2(u), ãäå

J1(u) =
1

2

n∑
i=1

∫
Ω

u2xi
dx, J2(u) =

∫
Ω

dx

u(x)∫
0

g(x, s)ds.
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Îïðåäåëåíèå 1. Ñèëüíûì ðåøåíèåì çàäà÷è (1)�(2) íàçûâàåòñÿ ôóíêöèÿ u ∈ W2
q(Ω),

óäîâëåòâîðÿþùàÿ äëÿ ïî÷òè âñåõ x ∈ Ω óðàâíåíèþ (1) è ãðàíè÷íîìó óñëîâèþ (2).
Îïðåäåëåíèå 2. Ïîëóïðàâèëüíûì ðåøåíèåì çàäà÷è (1)�(2) íàçûâàåòñÿ òàêîå ñèëüíîå

åå ðåøåíèå u, çíà÷åíèå êîòîðîãî u(x) äëÿ ïî÷òè âñåõ x ∈ Ω ÿâëÿåòñÿ òî÷êîé íåïðåðûâíîñòè
ôóíêöèè g(x, ·).

Îïðåäåëåíèå 3. Ïðûãàþùèì ðàçðûâîì ôóíêöèè f : R → R íàçûâàåòñÿ òàêîå u ∈ R,
÷òî f(u−) < f(u+), ãäå f(u±) = lim

s→u±
f(s).

Îïðåäåëåíèå 4. Ëîêàëüíî ëèïøèöåâà ôóíêöèÿ f : E → R (E � âåùåñòâåííîå áàíàõîâî
ïðîñòðàíñòâî) óäîâëåòâîðÿåò (PS)-óñëîâèþ, åñëè ëþáàÿ ïîñëåäîâàòåëüíîñòü (xn) ⊂ E, äëÿ
êîòîðîé ìíîæåñòâî çíà÷åíèé (f(xn)) îãðàíè÷åíî è m(xn) = inf

x∗∈∂f(xn)
||x∗|| → 0 ïðè n → ∞

ñîäåðæèò ñõîäÿùóþñÿ ïîäïîñëåäîâàòåëüíîñòü, ãäå ∂f(x) � îáîáùåííûé ãðàäèåíò Êëàðêà
äëÿ f â òî÷êå x.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1) äëÿ ïî÷òè âñåõ x ∈ Ω ôóíêöèÿ g(x, ·) èìååò ðàçðûâû, ïðè÷åì òîëüêî ïðûãàþùèå,
g(x, 0) = 0 è |g(x, u)| ≤ a(x) ∀u ∈ R, ãäå a ∈ Lq(Ω), q > 2n

n+2 , ôèêñèðîâàíà;

2) ñóùåñòâóåò u0 ∈ X òàêîé, ÷òî J2(u0) > 0.
Òîãäà ñóùåñòâóåò λ∗ > 0 òàêîå, ÷òî äëÿ ëþáîãî λ > λ∗ çàäà÷à (1)�(2) èìååò ïî êðàéíåé
ìåðå òðè ñèëüíûõ ðåøåíèÿ, ïðè÷åì ïî êðàéíåé ìåðå îäíî èç íåíóëåâûõ ðåøåíèé ÿâëÿåòñÿ
ïîëóïðàâèëüíûì.

Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó [1] ïðè âûïîëíåíèè óñëîâèé òåîðåìû ñóùåñòâóåò λ0 > 0
òàêîå, ÷òî äëÿ ëþáîãî λ > λ0 âûïîëíÿåòñÿ íåðàâåíñòâî inf

v∈X
Jλ(v) < 0. Êðîìå òîãî, íàéäåòñÿ

uλ ∈ X, äëÿ êîòîðîãî Jλ(uλ) = inf
v∈X

Jλ(v), è ëþáîå òàêîå uλ ÿâëÿåòñÿ íåíóëåâûì ïîëóïðà-

âèëüíûì ðåøåíèåì çàäà÷è (1)�(2). Òàêèì îáðàçîì, íàéäåòñÿ è íåêîòîðàÿ êîíñòàíòà λ∗ > 0
òàêàÿ, ÷òî äëÿ êàæäîãî λ > λ∗ ñóùåñòâóåò ïî êðàéíåé ìåðå îäíî íåíóëåâîå ïîëóïðàâèëüíîå
ðåøåíèå uλ çàäà÷è (1)�(2). Íàëè÷èå âòîðîãî, òðèâèàëüíîãî, ðåøåíèÿ çàäà÷è (1)�(2) îáó-
ñëîâëèâàåòñÿ óñëîâèåì 1) òåîðåìû (g(x, 0) = 0 äëÿ ïî÷òè âñåõ x ∈ Ω). Ïðè λ > λ∗ çàäà÷à
(1)�(2) èìååò ïî êðàéíåé ìåðå åùå îäíî íåòðèâèàëüíîå ðåøåíèå vλ, êîòîðîå ìîæåò áûòü
íàéäåíî ñ ïîìîùüþ òåîðåìû î ãîðíîì ïåðåâàëå [6]. Ôóíêöèÿ Jλ ëîêàëüíî ëèïøèöåâà íà
X, ÷òî ïîêàçûâàåòñÿ ñòàíäàðòíûì ñïîñîáîì, ïðè ýòîì èñïîëüçóåòñÿ óñëîâèå 1) òåîðåìû
(|g(x, u)| ≤ a(x) ∀u ∈ R, a ∈ Lq(Ω), q > 2n

n+2). Â ñèëó âûïîëíåíèÿ (PS)-óñëîâèÿ (òåî-

ðåìà 4.5 èç ðàáîòû [6]), ïðèìåíåííîãî ê óðàâíåíèÿì ýëëèïòè÷åñêîãî òèïà ñ ðàçðûâíûìè
íåëèíåéíîñòÿìè, ôóíêöèîíàë Jλ óäîâëåòâîðÿåò (PS)-óñëîâèþ äëÿ ëþáîãî λ > 0. Çíà÷èò,
ôóíêöèîíàë Jλ óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû î ãîðíîì ïåðåâàëå [6], ñëåäîâàòåëüíî, îí
èìååò êðèòè÷åñêóþ òî÷êó vλ ∈ X òàêóþ, ÷òî Jλ(vλ) > 0 (Jλ(vλ) = inf

γ∈Γ
sup
t∈[0,1]

Jλ(γ(t)), ãäå

Γ = {γ ∈ C([0, 1], X) : γ(0) = 0, γ(1) = uλ}). Èòàê, â óñëîâèÿõ òåîðåìû ôóíêöèîíàë Jλ èìå-
åò ïî êðàéíåé ìåðå òðè ðàçëè÷íûå êðèòè÷åñêèå òî÷êè. Òàêèì îáðàçîì, â óñëîâèÿõ òåîðåìû
äëÿ ëþáîãî λ > λ∗ ñóùåñòâóåò ïî êðàéíåé ìåðå òðè ðåøåíèÿ çàäà÷è (1)�(2) (íóëåâîå, uλ ̸= 0,
vλ ̸= 0). Îòìåòèì, ÷òî ðåøåíèÿ uλ è vλ ðàçëè÷íû, ïîñêîëüêó Jλ(uλ) < 0, à Jλ(vλ) > 0. Â
ñèëó òîãî, ÷òî |g(x, u)| ≤ a(x) ∀u ∈ R, a ∈ Lq(Ω), q > 2n

n+2 , èç òåîðåì î ðåãóëÿðíîñòè

ðåøåíèé îñíîâíûõ êðàåâûõ çàäà÷ äëÿ ðàâíîìåðíî ýëëèïòè÷åñêèõ ëèíåéíûõ óðàâíåíèé [7]
ñëåäóåò, ÷òî ñëàáîå (îáîáùåííîå) ðåøåíèå çàäà÷è (1)�(2) ÿâëÿåòñÿ ñèëüíûì åå ðåøåíèåì.
Ïîýòîìó ïðè λ > λ∗ çàäà÷à (1)�(2) èìååò ïî êðàéíåé ìåðå òðè ñèëüíûõ ðåøåíèÿ, ïðè÷åì ïî
êðàéíåé ìåðå îäíî èç íåíóëåâûõ ðåøåíèé uλ ÿâëÿåòñÿ ïîëóïðàâèëüíûì. Òåîðåìà äîêàçàíà.

Â çàêëþ÷åíèå ïðèâåäåì ïðèìåð òàêîé ôóíêöèè g(x, u), óäîâëåòâîðÿþùåé óñëîâèÿì òåî-
ðåìû, äëÿ êîòîðîé ñóùåñòâóåò åäèíñòâåííîå ïîëóïðàâèëüíîå ðåøåíèå çàäà÷è (1)�(2). Ðàñ-
ñìîòðèì çàäà÷ó Äèðèõëå (1)�(2). Ïóñòü â óðàâíåíèè (1) íåëèíåéíîñòü g(x, u) = a(x) · χ(u),
ãäå a ∈ Lq(Ω), q > 2n

n+2 , a(x) > 0, à χ(u) � ðàçðûâíàÿ ôóíêöèÿ Õåâèñàéäà. Ôóíêöèÿ g(x, u)
óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû ñ åäèíñòâåííûì ðàçðûâîì u = 0 � �ïðûãàþùèì�. Ïðè
λ > 0 âåðíî íåðàâåíñòâî λg ≥ 0 è, â ñèëó ïðèíöèïà ñðàâíåíèÿ, ðåøåíèå u(x) çàäà÷è (1)�(2)
íåîòðèöàòåëüíî. Åñëè ýòî ðåøåíèå ïîëóïðàâèëüíî, òî u(x) > 0 ïî÷òè âñþäó íà Ω è, ñëåäî-
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âàòåëüíî, g(x, u(x)) = a(x). Îäíàêî òîãäà ðåøåíèå u(x) îäíîçíà÷íî îïðåäåëåíî êàê ñëàáîå
ðåøåíèå u ∈ X çàäà÷è −∆u = λa(x) ñ íóëåâûì ãðàíè÷íûì óñëîâèåì Äèðèõëå è, çíà÷èò,
ïîëóïðàâèëüíîå ðåøåíèå åäèíñòâåííî. Îòìåòèì, ÷òî íóëåâîå ðåøåíèå â äàííîì ïðèìåðå íå
ÿâëÿåòñÿ ïîëóïðàâèëüíûì. Åñëè îòáðîñèòü óñëîâèå ïîëóïðàâèëüíîñòè, òî, âîçìîæíî, åñòü
íåíóëåâûå ðåøåíèÿ, êîòîðûå íåîòðèöàòåëüíû è îáðàùàþòñÿ â íóëü íà íåêîòîðîì ìíîæåñòâå
íåíóëåâîé ìåðû. Òàêèå ðåøåíèÿ äîïóñòèìû (ñì., íàïðèìåð, ðàáîòó [8]).
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ABSTRACT

We consider the question of existence of Dirichlet's problem solution for the Laplace
equation with a spectral parameter and discontinuous on a phase variable nonlinea-
rity. Using the variational method, we prove a theorem about a number of solutions.
We result an example of discontinuous nonlinearity that satis�es to conditions of the
theorem for which there is unique semiregular solution of this boundary problem.
Key words: Dirichlet's problem, the Laplace equation, spectral parameter, discontinu-
ous nonlinearity, variational method, number of solutions.


