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Íåêîòîðûå ïðèìåíåíèÿ ýêñòðåìàëüíûõ ðàçáèåíèé

â ãåîìåòðè÷åñêîé òåîðèè ôóíêöèé

Ðàññìàòðèâàþòñÿ ïðèëîæåíèÿ çàäà÷ îá ýêñòðåìàëüíîì ðàçáèåíèè îáëàñòåé è êîíäåíñà-
òîðîâ â íåêîòîðûõ ñïåöèàëüíûõ âîïðîñàõ ãåîìåòðè÷åñêîé òåîðèè ôóíêöèé êîìïëåêñ-
íîãî ïåðåìåííîãî. Äîêàçûâàþòñÿ íîâûå òåîðåìû äëÿ ñåìåéñòâ ìåðîìîðôíûõ ôóíê-
öèé, íå ïðèíèìàþùèõ îáùèõ çíà÷åíèé, ìíîãîòî÷å÷íûå òåîðåìû èñêàæåíèÿ è îöåíêè
êîýôôèöèåíòîâ äëÿ îäíîëèñòíûõ ôóíêöèé, à òàêæå íåðàâåíñòâà äëÿ àëãåáðàè÷åñêèõ
ïîëèíîìîâ. Âñå ðåçóëüòàòû ïîëó÷àþòñÿ åäèíûì îáðàçîì èç ñâîéñòâ ïîäõîäÿùèõ ýêñ-
òðåìàëüíûõ ðàçáèåíèé, óñòàíîâëåííûõ â îñíîâíîì ñ ïîìîùüþ åìêîñòíîãî ïîäõîäà è
ñèììåòðèçàöèè.

Êëþ÷åâûå ñëîâà: ìåðîìîðôíûå ôóíêöèè, ïðîèçâîäíàÿ Øâàðöà, òåîðåìû èñêàæåíèÿ,

îöåíêè êîýôôèöèåíòîâ, ïîëèíîìû, ýêñòðåìàëüíûå ðàçáèåíèÿ, åìêîñòè êîíäåíñàòîðîâ.

Ââåäåíèå

Çàäà÷è îá ýêñòðåìàëüíîì ðàçáèåíèè âîçíèêàþò åñòåñòâåííûì îáðàçîì ïðè èçó÷åíèè
ýêñòðåìàëüíûõ äëèí ñåìåéñòâ êðèâûõ (ñì. [1], [2]). Õîðîøî èçâåñòíà ñâÿçü ìåæäó ìîäó-
ëÿìè ñåìåéñòâ êðèâûõ è åìêîñòÿìè ïîäõîäÿùèõ êîíäåíñàòîðîâ [3]. Â äàííîé ðàáîòå, ñëå-
äóÿ åìêîñòíîìó ïîäõîäó [4]�[7], äàþòñÿ ïðèëîæåíèÿ ýêñòðåìàëüíûõ ðàçáèåíèé â òðàäè-
öèîííûõ ðàçäåëàõ ãåîìåòðè÷åñêîé òåîðèè ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî [8]. Â ïåð-
âîì ïàðàãðàôå äîêàçûâàþòñÿ íîâûå òåîðåìû äëÿ ñåìåéñòâ {fk}nk=1, ìåðîìîðôíûõ â êðóãå
|z| < 1 ôóíêöèé fk, ïîïàðíî íå ïðèíèìàþùèõ â ýòîì êðóãå îáùèõ çíà÷åíèé. Ýòà òåìà-
òèêà õîðîøî èçâåñòíà ñïåöèàëèñòàì, ïðèìåíÿþùèì ðàçëè÷íûå ìåòîäû òåîðèè ôóíêöèé
(ñì., íàïðèìåð, [1], [8]�[13]). Ïðàêòè÷åñêè êàæäàÿ çàäà÷à îá ýêñòðåìàëüíîì ðàçáèåíèè äàåò
íåêîòîðûé ðåçóëüòàò â ýòîé îáëàñòè. Â ÷àñòíîñòè, ìíîãî÷èñëåííûå òåîðåìû Ã.Â. Êóçüìè-
íîé [1] è À.Ê. Áàõòèíà [13], [14] ïðèâîäÿò ê îöåíêàì ìîäóëåé ïðîèçâîäíûõ |f ′

k| ñåìåéñòâ
{fk}nk=1. Ìû ïîëó÷àåì íîâûå óòâåðæäåíèÿ, ñîäåðæàùèå íàðÿäó ñ ïðîèçâîäíûìè f ′

k øâàð-
öèàíû Sfk , k = 1, . . . , n. Íàèáîëåå ïîëíûå ðåçóëüòàòû äëÿ ïðîèçâîäíîé Øâàðöà â ñëó÷àå
îäíîé îäíîëèñòíîé ôóíêöèè (n = 1) ïîëó÷åíû Ý. Øèïïåðñîì [15]. Òåîðåìû 1 è 2 íàñòîÿ-
ùåé ðàáîòû äàþò íåðàâåíñòâà äëÿ øâàðöèàíîâ è èõ ïðîèçâîäíûõ, ïðè÷åì ñ ïðîèçâîëüíûìè
êîìïëåêñíûìè ïàðàìåòðàìè γk, k = 1, . . . , n. Ðàíåå, èñïîëüçóÿ òîëüêî åìêîñòíîé ïîäõîä,
óäàâàëîñü ïîëó÷èòü ëèøü áëèçêèå ðåçóëüòàòû è äëÿ âåùåñòâåííûõ γk (ñð. [4], [5], [7]). Êðî-
ìå òîãî, â òåîðåìå 3 äàåòñÿ îöåíêà ñî ñâîáîäíûìè íà îêðóæíîñòè |w| = 1 çíà÷åíèÿìè
fk(0), k = 1, . . . , n. Íîâèçíà òåîðåìû 4 çàêëþ÷àåòñÿ â òîì, ÷òî, â îòëè÷èå îò ðàáîò Ã.Ì. Ãî-
ëóçèíà, Í.À. Ëåáåäåâà è Þ.Å. Àëåíèöûíà, ìû ðàññìàòðèâàåì ìíîãîëèñòíûå ôóíêöèè ñî
ñâîáîäíûìè çíà÷åíèÿìè fk(0) íà çàäàííîì îòðåçêå (ñð.: [1], [8], [12]). Âî âòîðîì ïàðàãðàôå
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óñòàíàâëèâàþòñÿ íîâûå ìíîãîòî÷å÷íûå òåîðåìû èñêàæåíèÿ äëÿ îäíîëèñòíûõ ôóíêöèé â
êðóãå è êîëüöå, à òàêæå äëÿ ôóíêöèé èçâåñòíîãî êëàññà

∑
. Â îòëè÷èå îò ïîñëåäíèõ ðàáîò

â ýòîé îáëàñòè, äîêàçûâàþòñÿ îöåíêè ìîäóëåé ïðîèçâîäíûõ áîëåå ÷åì â äâóõ òî÷êàõ (ñð.,
íàïðèìåð, [16]). Â òðåòüåì ïàðàãðàôå ïîêàçûâàåòñÿ, êàê ñ ïîìîùüþ òåîðåì îá ýêñòðåìàëü-
íîì ðàçáèåíèè ìîæíî ïîëó÷èòü îöåíêè êîìáèíàöèé êîýôôèöèåíòîâ â èçâåñòíûõ êëàññàõ
îäíîëèñòíûõ ôóíêöèé. Ìû äàåì àëüòåðíàòèâíîå äîêàçàòåëüñòâî îöåíêè Ã.Ì. Ãîëóçèíà â
êëàññå

∑
(òåîðåìà 9), à òàêæå äîêàçàòåëüñòâà íîâûõ îöåíîê (òåîðåìû 10 è 11). Íàêîíåö,

â ÷åòâåðòîì ïàðàãðàôå òåîðåìà îá ýêñòðåìàëüíîì ðàçáèåíèè êîíäåíñàòîðîâ ïðèìåíÿåòñÿ
ê íåðàâåíñòâàì äëÿ àëãåáðàè÷åñêèõ ïîëèíîìîâ. Îñíîâíàÿ èäåÿ òàêèõ ïðèëîæåíèé, ïîìèìî
ïðåäûäóùèõ íàðàáîòîê, ñîñòîèò â ïîñòðîåíèè ïî çàäàííîìó ïîëèíîìó îäíîëèñòíîé ôóíê-
öèè [17]. Íîâèçíà ïîëó÷åííûõ ðåçóëüòàòîâ ñîñòîèò â òîì, ÷òî, â îòëè÷èå îò òðàäèöèîííûõ
îöåíîê, ìû èìååì äåëî ñ äâóõ- è òðåõòî÷å÷íûìè òåîðåìàìè èñêàæåíèÿ äëÿ ïîëèíîìîâ.

1. Ìåðîìîðôíûå ôóíêöèè áåç îáùèõ çíà÷åíèé

Âñþäó â ýòîì ïàðàãðàôå ïðèíÿòû îáîçíà÷åíèÿ èç ñòàòüè [4], êîòîðûå íåîäíîêðàò-
íî ïðèìåíÿëèñü â ðàáîòàõ [5], [6]. Êðîìå òîãî, ïîëîæèì U = {z : |z| < 1}, E(a, r) =
{z : |z− a| 6 r} è Sf (z) = (f ′′(z)/f ′(z))′− (f ′′(z)/f ′(z))2/2 � ïðîèçâîäíàÿ Øâàðöà ôóíêöèè
f (øâàðöèàí). ×àñòíûé ñëó÷àé ñëåäóþùåé òåîðåìû ðàññìàòðèâàëñÿ â ðàáîòå [5, c. 71].

Òåîðåìà 1. Åñëè ôóíêöèè fk, k = 1, . . . , n, n > 1, ìåðîìîðôíû è îäíîëèñòíû â åäè-

íè÷íîì êðóãå U , ïîïàðíî íå ïðèíèìàþò â ýòîì êðóãå îáùèõ çíà÷åíèé è òî÷êà z = 0
ÿâëÿåòñÿ òî÷êîé ðåãóëÿðíîñòè ýòèõ ôóíêöèé, òî äëÿ ëþáûõ êîìïëåêñíûõ ïîñòîÿííûõ

γk, k = 1, . . . , n, ñïðàâåäëèâî íåðàâåíñòâî∣∣∣∣∣∣∣∣
n∑

k=1

γ2k
6

Sfk(0)

(f ′
k(0))

2
+

n∑
k=1

n∑
l=1
l ̸=k

γkγl
(fk(0)− fl(0))2

∣∣∣∣∣∣∣∣ 6
n∑

k=1

|γk|2

|f ′
k(0)|2

,

ãäå â ñëó÷àå n = 1 âòîðàÿ ñóììà ïîä çíàêîì ìîäóëÿ îáðàùàåòñÿ â íóëü.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü γk = αke
iθk , k = 1, . . . , n. Ìîæíî ñ÷èòàòü, ÷òî

αk ̸= 0, k = 1, . . . , n. Íà ïëîñêîñòè Cw ðàññìîòðèì n êîíäåíñàòîðîâ

Ck(r) = (Dk, {∂Dk, E
k
1 , E

k
2}, {0,−1, 1}), k = 1, . . . , n,

ãäå Dk = fk(U) � ïîïàðíî íåíàëåãàþùèå îáëàñòè, Ek
1 = E(wk − αkρe

iφk , r), Ek
2 = E(wk +

αkρe
iφk , r), wk = fk(0), φk = θk+θ; θ � ïðîèçâîëüíîå âåùåñòâåííîå ÷èñëî, à ρ > 0 íàñòîëüêî

ìàëî, ÷òî òî÷êè wk1 = wk − αkρe
iφk , wk2 = wk + αkρe

iφk ïðèíàäëåæàò îáëàñòè Dk, k =
1, . . . , n. Êîíäåíñàòîðû Ck(r) îáðàçóþò ðàçáèåíèå êîíäåíñàòîðà

C(r) =
(
Cw, {Ek

1 , E
k
2}nk=1, {δk1 , δk2}nk=1

)
, δk1 = −1, δk2 = 1, k = 1, . . . , n.

Ïðèìåíÿÿ òåîðåìû 1 è 5 ðàáîòû [4], ïîëó÷àåì, ÷òî ïðè ëþáîì äîñòàòî÷íî ìàëîì r > 0
âûïîëíÿåòñÿ íåðàâåíñòâî

n∑
k=1

cap Ck(r) > cap C(r). (1)

Àñèìïòîòè÷åñêèå ôîðìóëû èç ðàáîò [4], [7] äëÿ åìêîñòåé ðàññìàòðèâàåìûõ êîíäåíñàòîðîâ
äàþò

cap Ck(r) = − 4π

log r
− 2π (log r(Dk, wk1) + log r(Dk, wk2)− 2gDk

(wk1, wk2))

(
1

log r

)2

+
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+o

((
1

log r

)2
)
, r → 0, k = 1, . . . , n,

cap C(r) = − 4πn

log r
− 2π

(
n∑

k=1

2 log(2αkρ)+

+
n∑

k=1

n∑
l=1
l ̸=k

log

∣∣∣∣(wk − wl)
2 − (αkρe

iφk + αlρe
iφl)2

(wk − wl)2 − (αkρeiφk − αlρeiφl)2

∣∣∣∣
( 1

log r

)2

+ o

((
1

log r

)2
)
, r → 0,

ãäå r(D, a) è gD(w, a) îçíà÷àþò ñîîòâåòñòâåííî âíóòðåííèé ðàäèóñ è ôóíêöèþ Ãðèíà (â
ñëó÷àå n = 1 âòîðàÿ ñóììà â ýòîì ðàçëîæåíèè îòñóòñòâóåò). Ïîäñòàâëÿÿ ïîëó÷åííûå âû-
ðàæåíèÿ äëÿ cap Ck(r) è cap C(r) â íåðàâåíñòâî (1), ïîñëå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé
ïîëó÷àåì íåðàâåíñòâî

n∑
k=1

(log r(Dk, wk1) + log r(Dk, wk2)− 2gDk
(wk1, wk2)) 6

6
n∑

k=1

2 log(2αkρ) +

n∑
k=1

n∑
l=1
l ̸=k

log

∣∣∣∣(wk − wl)
2 − (αkρe

iφk + αlρe
iφl)2

(wk − wl)2 − (αkρeiφk − αlρeiφl)2

∣∣∣∣ .
Îòñþäà

n∑
k=1

(hDk
(wk1, wk1) + hDk

(wk2, wk2)− 2hDk
(wk1, wk2)) 6

6
n∑

k=1

n∑
l=1
l ̸=k

log

∣∣∣∣(wk − wl)
2 − (αkρe

iφk + αlρe
iφl)2

(wk − wl)2 − (αkρeiφk − αlρeiφl)2

∣∣∣∣ , (2)

ãäå hDk
(w,ω) = gDk

(w,ω) + log |w − ω| � ðåãóëÿðíàÿ ÷àñòü ôóíêöèè Ãðèíà, hDk
(w,w) =

log r(Dk, w), k = 1, . . . , n. Ïðàâàÿ ÷àñòü íåðàâåíñòâà (2) ìîæåò áûòü çàïèñàíà â âèäå

−4ρ2
n∑

k=1

n∑
l=1
l ̸=k

Re

[
αkαle

i(φk+φl)

(wk − wl)2

]
+ o(ρ2), ρ → 0.

Ôóíêöèè qk(w), îáðàòíûå ê fk(z), èìåþò âèä

qk(w) = q′k(wk)(w − wk) +
1

2
q′′k(wk)(w − wk)

2 +
1

6
q′′′k (wk)(w − wk)

3 + . . . .

Ñëåäîâàòåëüíî,

qk(wk1) = −eiφkαkq
′
k(wk)ρ+

1

2
e2iφkα2

kq
′′
k(wk)ρ

2 + o(ρ2),

qk(wk2) = eiφkαkq
′
k(wk)ρ+

1

2
e2iφkα2

kq
′′
k(wk)ρ

2 + o(ρ2),

hDk
(wk1, wk1) = log

∣∣∣∣1− |qk(wk1)|2

q′k(wk1)

∣∣∣∣ = − log |q′k(wk)|+

+ρRe

[
αke

iφkq′′k(wk)

q′k(wk)

]
+ ρ2Re

[
−α2

k|q′k(wk|2 +
α2
ke

2iφk

2

((
q′′k(wk)

q′k(wk)

)2

−
q′′′k (wk)

q′k(wk)

)]
+ o(ρ2),
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hDk
(wk2, wk2) = log

∣∣∣∣1− |qk(wk2)|2

q′k(wk2)

∣∣∣∣ = − log |q′k(wk)|−

−ρRe

[
αke

iφkq′′k(wk)

q′k(wk)

]
+ ρ2Re

[
−α2

k|q′k(wk|2 +
α2
ke

2iφk

2

((
q′′k(wk)

q′k(wk)

)2

−
q′′′k (wk)

q′k(wk)

)]
+ o(ρ2),

hDk
(wk1, wk2) = log

∣∣∣∣∣1− qk(wk1)qk(wk2)

qk(wk1)− qk(wk2)
(wk1 − wk2)

∣∣∣∣∣ = − log |q′k(wk)|+

+ρ2Re

[
α2
k|q′k(wk)|2 −

α2
ke

2iφk

6

q′′′k (wk)

q′k(wk)

]
+ o(ρ2), ρ → 0.

Ïîýòîìó êàæäîå ñëàãàåìîå â ëåâîé ÷àñòè (2) ìîæåò áûòü çàïèñàíî êàê

ρ2Re

[
−4α2

k|q′k(wk|2 −
2α2

ke
2iφk

3

(
q′′′k (wk)

q′k(wk)
− 3

2

(
q′′k(wk)

q′k(wk)

)2
)]

+ o(ρ2) =

= −α2
k

{
4|q′k(wk|2 +

2

3
Re
[
e2iφkSqk(wk)

]}
ρ2 + o(ρ2), ρ → 0.

Ïîäñòàâëÿÿ íàéäåííûå ðàçëîæåíèÿ â (2), ïîëó÷àåì íåðàâåíñòâî

−
n∑

k=1

α2
k

{
|q′k(wk)|2 +

1

6
Re
[
e2iφkSqk(wk)

]}
6 −

n∑
k=1

n∑
l=1
l ̸=k

Re

[
αkαle

i(φk+φl)

(wk − wl)2

]
.

Èëè, ÷òî òî æå ñàìîå,

Re e2iθ

 n∑
k=1

α2
ke

2iθkSfk(0)

6(f ′
k(0))

2
+

n∑
k=1

n∑
l=1
l ̸=k

αkαle
i(θk+θl)

(fk(0)− fl(0))2

 6
n∑

k=1

α2
k

|f ′
k(0)|2

.

Îñòàëîñü âîñïîëüçîâàòüñÿ ïðîèçâîëüíîñòüþ θ. Òåîðåìà äîêàçàíà.
Ïðè n = 1 èç òåîðåìû 1 ñëåäóåò êëàññè÷åñêàÿ îöåíêà Êðàóñà � Íåõàðè:

|Sf (0)| 6 6.

Ïîëó÷åííûå íèæå ðåçóëüòàòû óäîáíåå çàïèñûâàòü â òåðìèíàõ îáðàòíûõ ôóíêöèé.
Òåîðåìà 2. Â óñëîâèÿõ òåîðåìû 1 âûïîëíÿåòñÿ íåðàâåíñòâî∣∣∣∣∣∣∣∣

n∑
k=1

γ2k
30

(
S2
qk
(wk)− S′′

qk
(wk)

)
−

n∑
k=1

n∑
l=1
l ̸=k

6γkγl
(wk − wl)4

∣∣∣∣∣∣∣∣ 6
n∑

k=1

|γk|2
(
2|q′k(wk)|4 + |q′′k(wk)|2

)
,

ãäå qk = f−1
k , wk = fk(0), k = 1, . . . , n, è â ñëó÷àå n = 1 âòîðàÿ ñóììà ïîä çíàêîì ìîäóëÿ

ðàâíà íóëþ.

Ä î ê à ç à ò å ë ü ñ ò â î. Ìîæíî ñ÷èòàòü, ÷òî γk ̸= 0, k = 1, . . . , n. Îïðåäåëèì ÷èñëà
αk > 0 è θk ñîîòíîøåíèÿìè γk = α2

ke
2iθk , k = 1, . . . , n. Ñëåäóÿ äîêàçàòåëüñòâó ïðåäûäóùåé

òåîðåìû, ðàññìîòðèì êîíäåíñàòîðû

Ck(r) = (Dk, {∂Dk, E
k
1 , E

k
2 , E

k
3}, {0,−1, 2,−1}), k = 1, . . . , n,
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ãäå Dk = fk(U), Ek
1 = E(wk − αkρe

iφk , r), Ek
2 = E(wk, r), Ek

3 = E(wk + αkρe
iφk , r), φk =

θk + θ, θ � ïðîèçâîëüíîå âåùåñòâåííîå ÷èñëî, à ρ > 0 íàñòîëüêî ìàëî, ÷òî òî÷êè wk1 =
wk − αkρe

iφk , wk2 = wk + αkρe
iφk ïðèíàäëåæàò îáëàñòè Dk ïðè ëþáîì θ ∈ R, k = 1, . . . , n.

Êîíäåíñàòîðû Ck(r) îáðàçóþò ðàçáèåíèå êîíäåíñàòîðà

C(r) =
(
Cw, {Ek

1 , E
k
2 , E

k
3}nk=1, {δk1 , δk2 , δk3}nk=1

)
, δk1 = −1, δk2 = 2, δk3 = −1, k = 1, . . . , n.

Âíîâü èç ïðèíöèïîâ êîìïîçèöèè [4], ïîëó÷àåì íåðàâåíñòâî (1). Àñèìïòîòè÷åñêèå ôîðìóëû
èç ðàáîò [4], [7] äëÿ åìêîñòåé ðàññìàòðèâàåìûõ êîíäåíñàòîðîâ äàþò

cap Ck(r) = − 12π

log r
− 2π (log r(Dk, wk1) + log r(Dk, wk2) + 4 log r(Dk, wk)−

−4gDk
(wk, wk1)− 4gDk

(wk, wk2) + 2gDk
(wk1, wk2))

(
1

log r

)2

+o

((
1

log r

)2
)
, r → 0, k = 1, . . . , n,

cap C(r) = −12πn

log r
+ 2π

(
2n log 2− 6

n∑
k=1

logαkρ+

+

n∑
k=1

n∑
l=1
l ̸=k

log

∣∣∣∣(wk − wl)
4((wk − wl)

2 − (αkρe
iφk − αlρe

iφl)2)((wk − wl)
2 − (αkρe

iφk + αlρe
iφl)2)

((wk − wl)2 − α2
kρ

2e2iφk)2((wk − wl)2 − α2
l ρ

2e2iφl)2

∣∣∣∣
×

×
(

1

log r

)2

+ o

((
1

log r

)2
)
, r → 0.

Ïîäñòàâëÿÿ ïîëó÷åííûå âûðàæåíèÿ äëÿ cap Ck(r) è cap C(r) â íåðàâåíñòâî (1) è ïåðåõîäÿ
ê ðåãóëÿðíûì ÷àñòÿì ôóíêöèé Ãðèíà hDk

(w,ω), ïðèõîäèì ê íåðàâåíñòâó

n∑
k=1

(hDk
(wk1, wk1) + hDk

(wk2, wk2) + 4hDk
(wk, wk)−

−4hDk
(wk, wk1)− 4hDk

(wk, wk2) + 2hDk
(wk1, wk2)) 6

6
n∑

k=1

n∑
l=1
l ̸=k

log

∣∣∣∣ ((wk − wl)
2 − α2

kρ
2e2iφk)2((wk − wl)

2 − α2
l ρ

2e2iφl)2

(wk − wl)4((wk − wl)2 − (αkρeiφk − αlρeiφl)2)((wk − wl)2 − (αkρeiφk + αlρeiφl)2)

∣∣∣∣ .
(3)

Ïðàâàÿ ÷àñòü íåðàâåíñòâà (3) ìîæåò áûòü çàïèñàíà â âèäå

ρ4
n∑

k=1

n∑
l=1
l ̸=k

Re

[
6α2

kα
2
l e

2i(φk+φl)

(wk − wl)4

]
+ o(ρ4), ρ → 0.

Ó÷èòûâàÿ ðàçëîæåíèå ôóíêöèé qk(w), íàõîäèì

hDk
(wk1, wk1) = log

∣∣∣∣1− |qk(wk1)|2

q′k(wk1)

∣∣∣∣ = − log |q′k(wk)|+

+ρRe

[
αke

iφkq′′k(wk)

q′k(wk)

]
+ ρ2Re

[
−α2

k|q′k(wk)|2 +
α2
ke

2iφk

2

((
q′′k(wk)

q′k(wk)

)2

−
q′′′k (wk)

q′k(wk)

)]
+
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+ρ3Re α3
k

[
e−iφkq′k(wk)q

′′
k(wk) +

1

6
e3iφk

(
2

(
q′′k(wk)

q′k(wk)

)3

− 3
q′′k(wk)q

′′′
k (wk)

(q′k(wk))2
+

qIVk (wk)

q′k(wk)

)]
+

+ρ4Re α4
k

[
−1

2
|q′k(wk)|4 −

1

4
|q′′k(wk)|2 −

1

3
e−2iφkq′k(wk)q

′′′
k (wk)+

e4iφk

24

(
6

(
q′′k(wk)

q′k(wk)

)4

− 12
(q′′k(wk))

2q′′′k (wk)

(q′k(wk))3
+ 4

q′′k(wk)q
IV
k (wk)

(q′k(wk))2
+ 3

(
q′′′k (wk)

q′k(wk)

)2

−
qVk (wk)

q′k(wk)

)]
+o(ρ4),

hDk
(wk2, wk2) = log

∣∣∣∣1− |qk(wk2)|2

q′k(wk2)

∣∣∣∣ = − log |q′k(wk)|−

−ρRe

[
αke

iφkq′′k(wk)

q′k(wk)

]
+ ρ2Re

[
−α2

k|q′k(wk)|2 +
α2
ke

2iφk

2

((
q′′k(wk)

q′k(wk)

)2

−
q′′′k (wk)

q′k(wk)

)]
−

−ρ3Re α3
k

[
e−iφkq′k(wk)q

′′
k(wk) +

1

6
e3iφk

(
2

(
q′′k(wk)

q′k(wk)

)3

− 3
q′′k(wk)q

′′′
k (wk)

(q′k(wk))2
+

qIVk (wk)

q′k(wk)

)]
+

+ρ4Re α4
k

[
−1

2
|q′k(wk)|4 −

1

4
|q′′k(wk)|2 −

1

3
e−2iφkq′k(wk)q

′′′
k (wk)+

e4iφk

24

(
6

(
q′′k(wk)

q′k(wk)

)4

− 12
(q′′k(wk))

2q′′′k (wk)

(q′k(wk))3
+ 4

q′′k(wk)q
IV
k (wk)

(q′k(wk))2
+ 3

(
q′′′k (wk)

q′k(wk)

)2

−
qVk (wk)

q′k(wk)

)]
+o(ρ4),

hDk
(wk, wk) = − log |q′k(wk)|,

hDk
(wk, wk1) = log

∣∣∣∣wk − wk1

qk(wk1)

∣∣∣∣ = − log |q′k(wk)|+

+ρRe

[
αke

iφkq′′k(wk)

2q′k(wk)

]
+ ρ2Re α2

k

[
e2iφk

(
1

8

(
q′′k(wk)

q′k(wk)

)2

−
q′′′k (wk)

6q′k(wk)

)]
+

+ρ3Re α3
k

[
e3iφk

((
q′′k(wk)

q′k(wk)

)3

− 1

12

q′′k(wk)q
′′′
k (wk)

(q′k(wk))2
+

1

24

qIVk (wk)

q′k(wk)

)]
+

+ρ4Re α4
k

[
e4iφk

(
1

64

(
q′′k(wk)

q′k(wk)

)4

−
(q′′k(wk))

2q′′′k (wk)

24(q′k(wk))3
+

q′′k(wk)q
IV
k (wk)

48(q′k(wk))2
+

+
1

72

(
q′′′k (wk)

q′k(wk)

)2

−
qVk (wk)

120q′k(wk)

)]
+ o(ρ4),

hDk
(wk, wk2) = log

∣∣∣∣wk − wk2

qk(wk2)

∣∣∣∣ = − log |q′k(wk)|−

−ρRe

[
αke

iφkq′′k(wk)

2q′k(wk)

]
+ ρ2Re α2

k

[
e2iφk

(
1

8

(
q′′k(wk)

q′k(wk)

)2

−
q′′′k (wk)

6q′k(wk)

)]
−

−ρ3Re α3
k

[
e3iφk

((
q′′k(wk)

q′k(wk)

)3

− 1

12

q′′k(wk)q
′′′
k (wk)

(q′k(wk))2
+

1

24

qIVk (wk)

q′k(wk)

)]
+

+ρ4Re α4
k

[
e4iφk

(
1

64

(
q′′k(wk)

q′k(wk)

)4

−
(q′′k(wk))

2q′′′k (wk)

24(q′k(wk))3
+

q′′k(wk)q
IV
k (wk)

48(q′k(wk))2
+
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+
1

72

(
q′′′k (wk)

q′k(wk)

)2

−
qVk (wk)

120q′k(wk)

)]
+ o(ρ4),

hDk
(wk1, wk2) = log

∣∣∣∣∣1− qk(wk1)qk(wk2)

qk(wk1)− qk(wk2)
(wk1 − wk2)

∣∣∣∣∣ = − log |q′k(wk)|+

+ρ2Re α2
k

[
|q′k(wk)|2 −

e2iφk

6

q′′′k (wk)

q′k(wk)

]
+

+ρ4Re α4
k

[
−1

2
|q′k(wk)|4 −

1

4
|q′′k(wk)|2 +

1

3
e−2iφkq′k(wk)q

′′′
k (wk)+

+e4iφk

(
1

72

(
q′′′k (wk)

q′k(wk)

)2

− 1

120

qVk (wk)

q′k(wk)

)]
+ o(ρ4), ρ → 0.

Ïîýòîìó êàæäîå ñëàãàåìîå â ëåâîé ÷àñòè íåðàâåíñòâà (3) ðàâíî

ρ4Re α4
k

[
−2|q′k(wk|4 − |q′′k(wk)|2 + e4iφk

(
3

8

(
q′′k(wk)

q′k(wk)

)4

−
2(q′′k(wk))

2q′′′k (wk)

3(q′k(wk))3
+

+
q′′k(wk)q

IV
k (wk)

6(q′k(wk))2
+

1

6

(
q′′′k (wk)

q′k(wk)

)2

−
qVk (wk)

30q′k(wk)

)]
+ o(ρ4) =

= ρ4
(
−α4

k(2|q′k(wk)|4 + |q′′k(wk)|2)− Re

[
α4
ke

4iφk

30

(
S′′
qk
(wk)− S2

qk
(wk)

)])
+ o(ρ4), ρ → 0.

Ïîäñòàâëÿÿ íàéäåííûå ðàçëîæåíèÿ â (3), ïîëó÷àåì íåðàâåíñòâî

−
n∑

k=1

α4
k

(
2|q′k(wk)|4 + |q′′k(wk)|2 +Re

[
ei(4θk+4θ)

30

(
S′′
qk
(wk)− S2

qk
(wk)

)])
6

6
n∑

k=1

n∑
l=1
l ̸=k

Re

[
6α2

kα
2
l e

i(2θk+2θl+4θ)

(wk − wl)4

]
.

Îñòàëîñü âîñïîëüçîâàòüñÿ ïðîèçâîëüíîñòüþ ÷èñëà θ. Òåîðåìà äîêàçàíà.
Ýêñòðåìàëüíûå ðàçáèåíèÿ �ñî ñâîáîäíûìè ïîëþñàìè íà îêðóæíîñòè� ïðèâîäÿò ê ñëå-

äóþùåìó ðåçóëüòàòó (ñð.: [5, òåîðåìà 8]).
Òåîðåìà 3. Äëÿ ëþáûõ ìåðîìîðôíûõ è îäíîëèñòíûõ â êðóãå U ôóíêöèé fk, îòîáðàæà-

þùèõ ýòîò êðóã íà ïîïàðíî íåíàëåãàþùèå îáëàñòè òàêèì îáðàçîì, ÷òî |fk(0)| = 1, k =
1, . . . , n, ñïðàâåäëèâî íåðàâåíñòâî

1

30

n∑
k=1

Re w4
k

(
S2
qk
(wk)− S′′

qk
(wk)

)
> −

n∑
k=1

(
2|q′k(wk)|4 + |q′′k(wk)|2

)
+

n(n2 − 1)(n2 + 11)

120
, (4)

ãäå qk = f−1
k , wk = fk(0), k = 1, . . . , n. Ðàâåíñòâî â (4) äîñòèãàåòñÿ äëÿ ôóíêöèé f∗

k (z) =
exp(2πi(k − 1)/n)[(1 + z)/(1− z)]2/n, k = 1, . . . , n.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîëàãàÿ â òåîðåìå 2 γk = w2
k, k = 1, . . . , n, è çàìåíÿÿ

ìîäóëü â ëåâîé ÷àñòè íåðàâåíñòâà íà äåéñòâèòåëüíóþ ÷àñòü ñî çíàêîì ìèíóñ, ïðèõîäèì ê
ñîîòíîøåíèþ

1

30

n∑
k=1

Re w4
k

(
S2
qk
(wk)− S′′

qk
(wk)

)
> −

n∑
k=1

(
2|q′k(wk)|4 + |q′′k(wk)|2

)
+Re

n∑
k=1

n∑
l=1
l ̸=k

6w2
kw

2
l

(wk − wl)4
.
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Äëÿ îöåíêè âòîðîãî ñëàãàåìîãî â ïðàâîé ÷àñòè âîñïîëüçóåìñÿ àñèìïòîòè÷åñêîé ôîðìóëîé
äëÿ åìêîñòè êîíäåíñàòîðà C(r) èç äîêàçàòåëüñòâà ïðåäûäóùåé òåîðåìû, ãäå ïîëàãàåì αk =
1, φk = argwk, k = 1, . . . , n. Ïóñòü C∗(r) � òàêîé æå êîíäåíñàòîð, íî ïîñòðîåííûé ïî òî÷êàì
w∗
k = eiθ

∗
k , θ∗k = 2π(k − 1)/n, k = 1, . . . , n. Èç ñâîéñòâ äèññèììåòðèçàöèè [9] ñëåäóåò, ÷òî

cap C(r) 6 cap C∗(r).

Èñïîëüçóÿ àñèìïòîòè÷åñêèå ôîðìóëû äëÿ åìêîñòåé ýòèõ êîíäåíñàòîðîâ, çàêëþ÷àåì

Re
n∑

k=1

n∑
l=1
l ̸=k

6w2
kw

2
l

(wk − wl)4
> Re

n∑
k=1

n∑
l=1
l ̸=k

6(w∗
k)

2(w∗
l )

2

(w∗
k − w∗

l )
4

(ñì. äîêàçàòåëüñòâî òåîðåìû 2).
Â îáîçíà÷åíèÿõ ñòàòüè [7] ïðè ρ ∈ (0, 1) ðàññìîòðèì ïðèâåäåííûå ìîäóëè êîìïëåêñíîé

ñôåðû M1 := M(ZR,∆R,ΨR) è M2 := M(W,∆,Ψ), äëÿ ñîâîêóïíîñòåé: ZR =
{
eiθ

∗
k(1− ρ),

eiθ
∗
k , eiθ

∗
k(1 + ρ)

}n
k=1

, ∆R = {δk1 , δk2 , δk3}nk=1, (δk1 = −1, δk2 = 2, δk3 = −1, k = 1, . . . , n), ΨR =
{r/n, . . . , r/n}, W = {(1−ρ)n, 1, (1+ρ)n},∆ = {−1, 2, −1}, Ψ = {(1−ρ)n−1r, r, (1+ρ)n−1r}.
Ïî ôîðìóëå (2) ðàáîòû [7] ïîëó÷àåì

M1 =
−1

2π(6n)2

−6n log n+ 2n log 2− 6n log ρ+

n∑
k=1

n∑
l=1
l ̸=k

[
log(1− ρ2)+

+ log
|eiθ∗k − eiθ

∗
l |6|eiθ∗k(1 + ρ)− eiθ

∗
l (1− ρ)||eiθ∗k(1− ρ)− eiθ

∗
l (1 + ρ)|

|eiθ∗k(1− ρ)− eiθ
∗
l |2|eiθ∗k(1 + ρ)− eiθ

∗
l |2|eiθ∗k − eiθ

∗
l (1− ρ)|2|eiθ∗k − eiθ

∗
l (1 + ρ)|2

])
,

M2 =
−1

2π · 36
(
(n− 1) log(1− ρ2)− 4 log(1− (1− ρ)n)−

−4 log((1 + ρ)n − 1) + 2 log((1 + ρ)n − (1− ρ)n)) .

Ñîãëàñíî òåîðåìå 4 èç [7] äëÿ R(z) = zn

nM1 = M2.

Îòñþäà
n∑

k=1

n∑
l=1
l ̸=k

[
log(1− ρ2)+

+ log
|eiθ∗k − eiθ

∗
l |6|eiθ∗k(1 + ρ)− eiθ

∗
l (1− ρ)||eiθ∗k(1− ρ)− eiθ

∗
l (1 + ρ)|

|eiθ∗k(1− ρ)− eiθ
∗
l |2|eiθ∗k(1 + ρ)− eiθ

∗
l |2|eiθ∗k − eiθ

∗
l (1− ρ)|2|eiθ∗k − eiθ

∗
l (1 + ρ)|2

]
=

= n(n− 1) log(1− ρ2)− 4n log(1− (1− ρ)n)− 4n log((1 + ρ)n − 1)+

+2n log((1 + ρ)n − (1− ρ)n) + 6n logn− 2n log 2 + 6n log ρ.

Ñëåäîâàòåëüíî,

−ρ4Re
n∑

k=1

n∑
l=1
l ̸=k

6e2i(θ
∗
k+θ∗l )

(eiθ
∗
k − eiθ

∗
l )4

+ o(ρ4) = − 1

120
n(n4 + 10n2 − 11)ρ4 + o(ρ4).

137



Ïîñëå äåëåíèÿ îáåèõ ÷àñòåé ýòîãî ðàâåíñòâà íà ρ4, ïåðåõîäÿ ê ïðåäåëó ïðè ρ → 0, ïîëó÷àåì

Re

n∑
k=1

n∑
l=1
l ̸=k

6e2i(θ
∗
k+θ∗l )

(eiθ
∗
k − eiθ

∗
l )4

=
n(n2 − 1)(n2 + 11)

120
.

Ñóììèðóÿ âûïèñàííûå ñîîòíîøåíèÿ, ïðèõîäèì ê íåðàâåíñòâó (4). Ñëó÷àé ðàâåíñòâà ïðî-
âåðÿåòñÿ íåïîñðåäñòâåííî. Òåîðåìà äîêàçàíà.

Ñëåäóþùèé ðåçóëüòàò ðàñïðîñòðàíÿåò òåîðåìó 2 ðàáîòû [10] íà ñëó÷àé ïðîèçâîëüíûõ
ìåðîìîðôíûõ ôóíêöèé (íå îáÿçàòåëüíî ðåãóëÿðíûõ è îäíîëèñòíûõ).

Òåîðåìà 4. Ïóñòü ôóíêöèè fk, k = 1, . . . , n, (n > 3) ìåðîìîðôíû â êðóãå U è ïîïàðíî

íå ïðèíèìàþò â íåì îäèíàêîâûõ çíà÷åíèé, ïðè÷åì f1(0) = −fn(0) = 1, −1 < fk(0) <
1, k = 2, . . . , n− 1. Òîãäà ñïðàâåäëèâî íåðàâåíñòâî

|f ′
1(0)|1/4|f ′

n(0)|1/4
n−1∏
k=2

|f ′
k(0)|√

1− (fk(0))2
6 1√

2

(
2

n− 1

)n−1

.

Ðàâåíñòâî äîñòèãàåòñÿ â ñëó÷àå, êîãäà ôóíêöèè fk, k = 1, . . . , n, îòîáðàæàþò êðóã U
íà îáëàñòè, îãðàíè÷åíûå êðèâûìè {w = (ζ + 1/ζ)/2 : ζ2n−2 ∈ [−1, 0]}, ïðè ýòîì fk(0) =

cos π(k−1)
n−1 , k = 1, . . . , n.
Ä î ê à ç à ò å ë ü ñ ò â î. Íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ìîäèôèêàöèÿ ðàçäåëÿþùåãî

ïðåîáðàçîâàíèÿ îáëàñòåé, ïðåäëîæåííîãî â [9]. Â îáëàñòè Cw \ [−1, 1] = B âûäåëèì âåòâü
ôóíêöèè, îáðàòíîé ôóíêöèè Æóêîâñêîãî ζ = p(w) = w+

√
w2 − 1, îòîáðàæàþùóþ îáëàñòü

B íà âíåøíîñòü êðóãà |ζ| < 1 è äîîïðåäåëåííóþ íà ãðàíèöå B â ñìûñëå ãðàíè÷íîãî ñîîò-
âåòñòâèÿ. Ïóñòü íåêîòîðàÿ îáëàñòü D ñîäåðæèò òî÷êó a ∈ (−1, 1) è íå ñîäåðæèò òî÷åê -1
è 1. Îáîçíà÷èì ÷åðåç a+ è a− ïàðó ðàçëè÷íûõ äîñòèæèìûõ ãðàíè÷íûõ òî÷åê îáëàñòè B ñ
íîñèòåëåì a, ëåæàùèõ íà âåðõíåì è íèæíåì áåðåãàõ ðàçðåçà [−1, 1], ñîîòâåòñòâåííî. Ïóñòü
D+ � òà ñâÿçíàÿ êîìïîíåíòà ìíîæåñòâà D \ [−1, 1], èç êîòîðîé äîñòèæèìà òî÷êà a+, D− �
òà ñâÿçíàÿ êîìïîíåíòà ìíîæåñòâà D \ [−1, 1], èç êîòîðîé äîñòèæèìà òî÷êà a−. Îáîçíà÷èì
÷åðåç D̃+ (D̃−) îáúåäèíåíèå îáëàñòè D+ (D−) ñ äîñòèæèìûìè ãðàíè÷íûìè òî÷êàìè ýòîé

îáëàñòè, ïðèíàäëåæàùèìè D
∩
[−1, 1]. Îáúåäèíåíèå ìíîæåñòâà p

(
D̃+
)
ñ åãî îòðàæåíèåì

îòíîñèòåëüíî åäèíè÷íîé îêðóæíîñòè îáîçíà÷èì D1, à îáúåäèíåíèå ìíîæåñòâà p
(
D̃−
)
ñ åãî

îòðàæåíèåì îòíîñèòåëüíî åäèíè÷íîé îêðóæíîñòè � D2 (îáëàñòè D1 è D2 ìîãóò ñîâïàäàòü).
Îòìåòèì, ÷òî

|p(w)− p(a)| ∼ 1√
a2 − 1

|w − a|, ïðè w → a, w ∈ B.

Ïîâòîðÿÿ äîêàçàòåëüñòâî òåîðåìû 1.9 ðàáîòû [9], ïðèõîäèì ê íåðàâåíñòâó

r(D, a) 6
(
r(D1, a(1))r(D2, a(2))

1/(1− a2)
exp 2gD1(a(1), a(2))

)1/2

,

ãäå a(1) = p(a+), a(2) = p(a−). Â ñëó÷àå, êîãäà a(2) ̸∈ D1 (D1 ̸= D2), ïîëàãàåì gD1(a(1), a(2)) =
0.

Ïåðåéäåì òåïåðü ê íåïîñðåäñòâåííîìó äîêàçàòåëüñòâó òåîðåìû 4. Îáîçíà÷èì fk(U) =
Dk, fk(0) = ak, k = 1, . . . , n. Òîãäà a1 = 1, an = −1 è òî÷êè ak äëÿ k = 2, . . . , n −
1, ïðèíàäëåæàò èíòåðâàëó (−1, 1). Îáëàñòè Dk ïîïàðíî íå íàëåãàþò, ak ∈ Dk ⊂ Cw, è,
ñîãëàñíî íåðàâåíñòâó Õåéìàíà,

|f ′
k(0)| 6 r(Dk, ak), k = 1, . . . , n, (5)
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(ñì., íàïðèìåð, [9, c. 14]). Ïóñòü {D1
1} � ðåçóëüòàò ðàçäåëÿþùåãî ïðåîáðàçîâàíèÿ îáëàñòè

D1 îòíîñèòåëüíî ñåìåéñòâà, ñîñòîÿùåãî èç îäíîé ôóíêöèè {p}. Òàê êàê

|p(w)− p(1)| = |
√
w − 1 +

√
w + 1||w − 1|1/2 ∼

√
2|w − 1|1/2 ïðè w → 1,

òî

r(D1, 1) 6
(
r(D1

1, 1)√
2

)2

. (6)

Òî÷íî òàê æå, åñëè {D1
n} � ðåçóëüòàò ðàçäåëÿþùåãî ïðåîáðàçîâàíèÿ îáëàñòè Dn îòíîñè-

òåëüíî {p}, òî

r(Dn,−1) 6
(
r(D1

n,−1)√
2

)2

. (7)

Â èñïîëüçîâàííûõ âûøå îáîçíà÷åíèÿõ äëÿ àíàëîãà ðàçäåëÿþùåãî ïðåîáðàçîâàíèÿ îáëà-
ñòåé äëÿ êàæäîé îáëàñòèDk è ñîîòâåòñòâóþùåé åé ïàðû ñèììåòðè÷íûõ îáëàñòåé {D1

k, D
2
k}, k =

2, . . . , n− 1, èìååì íåðàâåíñòâî

r(Dk, ak) 6
(
r(D1

k, a
(1)
k )r(D2

k, a
(2)
k )

1/(1− a2k)
exp 2gD1

k
(a

(1)
k , a

(2)
k )

)1/2

, (8)

ãäå a
(1)
k = p(a+k ), a

(2)
k = p(a−k ), k = 2, . . . , n−1.Ìíîæåñòâî D1

1

∪
D1

n

∪(n−1∪
k=2

D1
1

∩
D2

k

)
è òî÷êè

1,−1, a
(1)
k , a

(2)
k , k = 2, . . . , n− 1, óäîâëåòâîðÿþò óñëîâèÿì ñëåäñòâèÿ 3 ðàáîòû [11], ñîãëàñíî

êîòîðîìó

r(D1
1, 1)r(D

1
n,−1)

n−1∏
k=2

[
r(D1

k, a
(1)
k )r(D2

k, a
(2)
k ) exp 2gD1

k
(a

(1)
k , a

(2)
k )
]
6
(

2

n− 1

)2(n−1)

. (9)

Ñóììèðóÿ íåðàâåíñòâà (5)�(9), ïðèõîäèì ê òðåáóåìîìó ðåçóëüòàòó. Ñëó÷àé ðàâåíñòâà ïðî-
âåðÿåòñÿ íåïîñðåäñòâåííî. Òåîðåìà äîêàçàíà.

2. Ìíîãîòî÷å÷íûå òåîðåìû èñêàæåíèÿ

Â êëàññè÷åñêèõ òåîðåìàõ èñêàæåíèÿ óñòàíàâëèâàþòñÿ îöåíêè ìîäóëåé ïðîèçâîäíûõ
â îäíîé òî÷êå â ðàçëè÷íûõ êëàññàõ àíàëèòè÷åñêèõ ôóíêöèé. Íèæå îöåíèâàþòñÿ ïðîèçâå-
äåíèÿ ñòåïåíåé ìîäóëåé ïðîèçâîäíûõ â íåñêîëüêèõ ñïåöèàëüíî ïîäîáðàííûõ òî÷êàõ.

Òåîðåìà 5. Ïóñòü ôóíêöèÿ f ìåðîìîðôíà è îäíîëèñòíà â êðóãå U . Ïðåäïîëîæèì, ÷òî

â òî÷êàõ zk = tg(π/4−π(2k−1)/(4n)), k = 1, . . . , n (n > 1), ôóíêöèÿ ïðèíèìàåò çíà÷åíèÿ,

ëåæàùèå íà èíòåðâàëå (−1, 1), è f ̸= ±1 â êðóãå U . Òîãäà

n∏
k=1

|f ′(zk)|√
1− f2(zk)

6
n∏

k=1

(
1 + sin

π(2k − 1)

2n

)
.

Ðàâåíñòâî äîñòèãàåòñÿ äëÿ ôóíêöèè f∗(z) = 2z/(1 + z2).
Ä î ê à ç à ò å ë ü ñ ò â î. Ïî òåîðåìå 7 ðàáîòû [18] äëÿ ëþáûõ òî÷åê wk, k = 1, . . . , n,

ïðèíàäëåæàùèõ èíòåðâàëó (−1, 1), è ëþáûõ ïîïàðíî íåïåðåñåêàþùèõñÿ îáëàñòåé Gk, wk ∈
Gk ⊂ Cw, äîïîëíåíèå ê îáúåäèíåíèþ êîòîðûõ ñîäåðæèò íåêîòîðûé êîíòèíóóì, ñîåäèíÿþ-
ùèé òî÷êè −1 è 1, ñïðàâåäëèâî íåðàâåíñòâî

n∏
k=1

r(Gk, wk)√
1− w2

k

6
n∏

k=1

r(G∗
k, w

∗
k)√

1− (w∗
k)

2
. (10)
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Çäåñü w∗
k = cos[π(2k − 1)/(2n)], k = 1, . . . , n, à îáëàñòè G∗

k îãðàíè÷åíû êðèâûìè {w =
(ζ + 1/ζ)/2 : ζ2n ∈ [0, 1]}. Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

Dk = f∗−1
(G∗

k), Gk = f(Dk), wk = f(zk), k = 1, . . . , n.

Çàìåòèì, ÷òî f∗(zk) = w∗
k, r(Gk, wk) = |f ′(zk)|r(Dk, zk), r(G∗

k, w
∗
k) = |f∗′(zk)|r(Dk, zk), k =

1, . . . , n. Íåðàâåíñòâî (10) äàåò

n∏
k=1

|f ′(zk)|√
1− (f(zk))2

6
n∏

k=1

|f∗′(zk)|√
1− (f∗(zk))2

.

Ïðîñòûå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî

√
1− (f∗(zk))2 = sinαk (αk = π(2k − 1)/(2n)), f∗′(zk) =

cos2 αk sinαk

1− sinαk
, k = 1, . . . , n.

Òàêèì îáðàçîì, ïðàâàÿ ÷àñòü ïîñëåäíåãî íåðàâåíñòâà ðàâíà

n∏
k=1

(1 + sinαk).

Òåîðåìà äîêàçàíà.
Â ñëó÷àå n = 1 èç íåðàâåíñòâà (10) âûòåêàåò êëàññè÷åñêèé ðåçóëüòàò: åñëè ôóíêöèÿ f

ìåðîìîðôíà è îäíîëèñòíà â êðóãå U , f(0) = 0 è |f ′(0)| > 1, òî îáðàç êðóãà f(U) ñîäåðæèò
ïî êðàéíåé ìåðå îäíó èç òî÷åê w = ±1/2.

Òåîðåìà 6. Ïóñòü ôóíêöèÿ f ìåðîìîðôíà è îäíîëèñòíà â êðóãå U è ïóñòü r � ïðîèç-

âîëüíîå ôèêñèðîâàííîå ÷èñëî èç ïðîìåæóòêà (0, 1), à n � ïðîèçâîëüíîå ÷åòíîå ÷èñëî, íå

ìåíüøåå 4. Ïðåäïîëîæèì, ÷òî â òî÷êàõ zk, k = 1, . . . , n,

zk = − 1− r2

2r cosβk
+

√(
1− r2

2r cosβk

)2

+ 1

(
βk =

π(k − 1)

n− 1

)
, k = 1, . . . , n/2,

zk = −zn−k+1, k = n/2 + 1, . . . , n,

ôóíêöèÿ f ïðèíèìàåò çíà÷åíèÿ íà îòðåçêå [−1, 1], ïðè÷åì f(z1) = f(r) = 1 è f(zn) =
f(−r) = −1. Òîãäà (

f ′(r)f ′(−r)
) 1

4

n−1∏
k=2

|f ′(zk)|√
1− f2(zk)

6

6
√

1 + r2

r(1− r2)

n−1∏
k=2

1 + 2r2 cos 2βk + r4 + (1− r2)
√

1 + 2r2 cos 2βk + r4

2r(1− r2) sinβk
.

Ðàâåíñòâî äîñòèãàåòñÿ äëÿ ôóíêöèè f∗(z) = (1− r2)z/[r(1− z2)].
Ä î ê à ç à ò å ë ü ñ ò â î. Èç òåîðåìû 4 (ñì. òàêæå òåîðåìó 2 ðàáîòû [10]) ñëåäóåò, ÷òî

äëÿ ëþáûõ òî÷åê wk, k = 1, . . . , n, ïðèíàäëåæàùèõ îòðåçêó [−1, 1], w1 = 1, wn = −1, è
ëþáûõ îäíîñâÿçíûõ ïîïàðíî íåïåðåñåêàþùèõñÿ îáëàñòåé Gk, wk ∈ Gk ⊂ Cw, ñïðàâåäëèâî
íåðàâåíñòâî

(r(G1, w1)r(Gn, wn))
1
4

n−1∏
k=2

r(Gk, wk)√
1− w2

k

6 (r(G∗
1, w

∗
1)r(G

∗
n, w

∗
n))

1
4

n−1∏
k=2

r(G∗
k, w

∗
k)√

1− (w∗
k)

2
. (11)
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Çäåñü w∗
k = cosβk, k = 1, . . . , n, à îáëàñòèG∗

k îãðàíè÷åíû êðèâûìè {w = (ζ+1/ζ)/2 : ζ2n−2 ∈
[−1, 0]}. Äàëåå äîêàçàòåëüñòâî ïîâòîðÿåò äîêàçàòåëüñòâî ïðåäûäóùåé òåîðåìû. Óòâåðæäå-
íèå î çíàêå ðàâåíñòâà âûòåêàåò èç (11), ãäå äëÿ îáëàñòåé Gk = G∗

k, k = 1, . . . , n, ðàâåíñòâî
î÷åâèäíî. Òåîðåìà äîêàçàíà.

Îáîçíà÷èì ÷åðåç
∑

êëàññ ôóíêöèé

f(z) = z + a0 +
a1
z

+ . . . = z +
∞∑
k=0

ak
zk

,

ìåðîìîðôíûõ (ñ ïîëþñîì â ∞) è îäíîëèñòíûõ â |z| > 1.
Òåîðåìà 7. Åñëè ôóíêöèÿ f ïðèíàäëåæèò êëàññó

∑
, òîãäà äëÿ ëþáûõ êîìïëåêñíûõ

÷èñåë γk, k = 1, . . . , n, n > 1, ëþáîãî R > 1 è ëþáîãî âåùåñòâåííîãî ÷èñëà θ ñïðàâåäëèâî

íåðàâåíñòâî∣∣∣∣∣∣∣∣
n∑

k=1

γ2k
6

(
Sf (zk)

(f ′(zk))2
+

n2(1− 10Rn +R2n)− 4(Rn + 1)2

8z2k(R
n + 1)2(f ′(zk))2

)
+

n∑
k=1

n∑
l=1
l ̸=k

γkγl
(f(zk)− f(zl))2

∣∣∣∣∣∣∣∣ 6

6
( n

4R

)2(Rn + 1

Rn − 1

)2 n∑
k=1

|γk|2

|f ′(zk)|2
, (12)

ãäå zk = R exp(i(θ + 2π(k − 1)/n)), k = 1, . . . , n.
Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü hk, k = 1, . . . , n, � íåêîòîðûå ôóíêöèè, êîíôîðìíî è

îäíîëèñòíî îòîáðàæàþùèå êðóã |ζ| < 1 íà ñîîòâåòñòâóþùóþ îáëàñòü

Dk = {z : |z| > 1, | arg z − 2π(k − 1)/n| < π/n}

òàê, ÷òî hk(0) = zk, k = 1, . . . , n. Òîãäà ôóíêöèè Fk = f ◦ hk, k = 1, . . . , n, óäîâëåòâî-
ðÿþò óñëîâèÿì òåîðåìû 1. Çíà÷èò, äëÿ ëþáûõ êîìïëåêñíûõ ïîñòîÿííûõ γk, k = 1, . . . , n,
ñïðàâåäëèâî íåðàâåíñòâî∣∣∣∣∣∣∣∣

n∑
k=1

γ2k
6

SFk
(0)

(F ′
k(0))

2
+

n∑
k=1

n∑
l=1
l ̸=k

γkγl
(Fk(0)− Fl(0))2

∣∣∣∣∣∣∣∣ 6
n∑

k=1

|γk|2

|F ′
k(0)|2

.

Çàìåòèâ, ÷òî
Fk(0) = f(zk), F ′

k(0) = f ′(zk)h
′
k(0),

SFk
(0) = Shk

(0) +
(
h′k(0)

)2
Sf (zk), k = 1, . . . , n,

ïîëó÷àåì íåðàâåíñòâî∣∣∣∣∣∣∣∣
n∑

k=1

γ2k
6

(
Shk

(0)

(f ′(zk)h
′
k(0))

2
+

Sfk(zk)

(f ′(zk))2

)
+

n∑
k=1

n∑
l=1
l ̸=k

γkγl
(f(zk)− f(zl))2

∣∣∣∣∣∣∣∣ 6
n∑

k=1

|γk|2

|f ′(zk)h
′
k(0)|2

. (13)

Ïîëîæèì

hk(ζ) = e

(
i
π(2k−3)

n
+θ

)(
(1 +Rn)

√
ζ − 1 +

√
ζ(1 + iRn/2)4 − (1− iRn/2)4

(1 +Rn)
√
ζ − 1−

√
ζ(1 + iRn/2)4 − (1− iRn/2)4

) 2
n
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(ïîä êîðíåì ïîíèìàåòñÿ âåòâü, ñîõðàíÿþùàÿ åäèíèöó). Ïðÿìûå âû÷èñëåíèÿ äàþò

h′k(0) = −4zk(R
n/2 − i)(Rn − 1)

n(Rn/2 + i)3
,

|h′k(0)|2 =
(
4R

n

)2(Rn − 1

Rn + 1

)2

,

Shk
=

2(Rn − 1)2(n2(1− 10Rn +R2n))− 4(Rn + 1)2

n2(i+Rn/2)8
.

Ïîäñòàâëÿÿ âûïèñàííûå âûðàæåíèÿ â (13), ïîëó÷àåì òðåáóåìîå íåðàâåíñòâî (12). Òåîðåìà
äîêàçàíà.

Â òåîðèè ôóíêöèé õîðîøî èçâåñòåí êëàññ M(R) � ñîâîêóïíîñòü ôóíêöèé w = f(z),
ìåðîìîðôíûõ è îäíîëèñòíûõ â êîëüöå K = K(R) = {z : 1 < |z| < R}, R < ∞, äëÿ
êîòîðûõ ìíîæåñòâî f(K) çíà÷åíèé f(z) âK ëåæèò â îáëàñòè |w| > 1 è êîòîðûå îòîáðàæàþò
îêðóæíîñòü |z| = 1 â îêðóæíîñòü |w| = 1. Êàæäàÿ ôóíêöèÿ f êëàññà M(R) äîïóñêàåò
àíàëèòè÷åñêîå ïðîäîëæåíèå â êîëüöî 1/R < |z| < R ïî ïðèíöèïó ñèììåòðèè Ðèìàíà �
Øâàðöà. Áóäåì îáîçíà÷àòü ýòî ïðîäîëæåíèå òîé æå áóêâîé f . Êëàññó M(R) ïðèíàäëåæèò
ôóíêöèÿ Ãðåòøà w = G(z) ≡ G(z; R), êîòîðàÿ êîíôîðìíî è îäíîëèñòíî îòîáðàæàåò êîëüöî
K íà âíåøíîñòü êðóãà |w| > 1 ñ ðàçðåçîì ïî âåùåñòâåííîé ïîëîæèòåëüíîé ïîëóîñè îò
íåêîòîðîé òî÷êè P (R) äî ∞ òàê, ÷òî G(R;R) = P (R). Íåòðóäíî óáåäèòüñÿ, ÷òî

G(z;R) = τ sn2
((

i

π
log(zR) + 1

)
K(τ); τ

)
,

ãäå τ = τ(R) = 1/P (R) � ðåøåíèå óðàâíåíèÿ

logR =
π

2
K
(√

1− τ2
)
/K(τ),

K(τ) � ïîëíûé ýëëèïòè÷åñêèé èíòåãðàë ïåðâîãî ðîäà ñ ìîäóëåì τ, sn(·; τ) � ýëëèïòè÷å-
ñêàÿ ôóíêöèÿ ßêîáè. Ââåäåì ýêñòðåìàëüíóþ n-êðàòíî ñèììåòðè÷íóþ ôóíêöèþ Ãðåòøà
ðàâåíñòâîì

G(z;n,R) = n
√

G(zn;Rn)
(

n
√
1 = 1

)
.

Íåòðóäíî óâèäåòü, ÷òî ôóíêöèÿ G(z;n,R) òàêæå ïðèíàäëåæèò êëàññó M(R) è îòîáðàæàåò
êîëüöî K íà îáëàñòü |w| > 1 ñ ðàçðåçàìè ïî ëó÷àì argwn = 0, |wn| > P (R).

Ñëåäóþùåå óòâåðæäåíèå â ðàçëè÷íûõ íàïðàâëåíèÿõ äîïîëíÿåò ðåçóëüòàò, ïîëó÷åííûé
À.Þ. Ñîëûíèíûì [19, íåðàâåíñòâî (4.12)].

Òåîðåìà 8. Äëÿ ëþáîé ôóíêöèè f êëàññà M(R) è ëþáîãî âåùåñòâåííîãî ÷èñëà θ ñïðà-

âåäëèâû íåðàâåíñòâà ∣∣∣∣ 4∏
k=1

f ′(zk)

∣∣∣∣∏
16k<l64

|f(zk)− f(zl)|2/3
6 4−

4
3
(
G′(−1;R4)

)4
, (14)

∣∣∣∣ 4∏
k=1

f ′(zk)

∣∣∣∣
4∏

k=1

|f(zk)− f(zk+1)|
6 4−1

(
G′(−1;R4)

)4
, (15)
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zk = exp(i(θ + π(k − 1)/2)), k = 1, 2, 3, 4,∣∣∣∣ 6∏
k=1

f ′(z̃k)

∣∣∣∣
6∏

k=1

|f(z̃k)− f(z̃k+1)|
6
(
G′(−1;R6)

)6
, (16)

z̃k = exp(i(θ+ π(k− 1)/3)), k = 1, . . . , 6. Ðàâåíñòâî â (14) è (15) äîñòèãàåòñÿ äëÿ ôóíêöèè

G(z; 4, R) ïðè θ = π/4, à â (16) äëÿ G(z; 6, R) ïðè θ = π/6.
Ä î ê à ç à ò å ë ü ñ ò â î. Âñå òðè íåðàâåíñòâà ïîëó÷àþòñÿ îäèíàêîâî. Ðàññìîòðèì

ïîäðîáíåå ñëó÷àé (14). Ìîæíî ñ÷èòàòü, ÷òî θ = π/4. Îïðåäåëèì îáëàñòè

Dk = {z : 1/R < |z| < R, | arg z − π/4− π(k − 1)/2| < π/8}, k = 1, 2, 3, 4.

Èç ñëåäñòâèÿ 2 ðàáîòû [6] âûòåêàåò íåðàâåíñòâî

4∏
k=1

r(f(Dk), f(zk))∏
16k<l64

|f(zk)− f(zl)|2/3
6

4∏
k=1

r(G(Dk; 4, R), zk)∏
16k<l64

|zk − zl|2/3
.

Çàìåòèì, ÷òî
r(f(Dk), f(zk)) = |f ′(zk)|r(Dk, zk), k = 1, 2, 3, 4,

äëÿ ëþáîé ôóíêöèè f êëàññà M(R). Ïîýòîìó ïîñëåäíåå íåðàâåíñòâî ðàâíîñèëüíî íåðàâåí-
ñòâó (14), ïðè÷åì ñïðàâåäëèâî ñîîòâåòñòâóþùåå óòâåðæäåíèå î çíàêå ðàâåíñòâà. Äîêàçà-
òåëüñòâî íåðàâåíñòâà (15) òàêæå ñâîäèòñÿ ê ïðèìåíåíèþ ñëåäñòâèÿ 2 [6], à äëÿ äîêàçàòåëü-
ñòâà (16) íåîáõîäèìî èñïîëüçîâàòü òåîðåìó 10 òîé æå ðàáîòû. Òåîðåìà äîêàçàíà.

3. Îöåíêè êîýôôèöèåíòîâ

Â ðÿäå ñëó÷àåâ çàäà÷è îá ýêñòðåìàëüíîì ðàçáèåíèè ïðèâîäÿò ê îöåíêàì íåêîòî-
ðûõ êîìáèíàöèé êîýôôèöèåíòîâ îäíîëèñòíûõ ôóíêöèé. Íàïðèìåð, êëàññè÷åñêàÿ îöåíêà
øâàðöèàíà (òåîðåìà 1, n = 1)

|Sf (0)| 6 6

îçíà÷àåò, â ÷àñòíîñòè, ÷òî äëÿ ôóíêöèé f(z) = z + c2z
2 + c3z

3 + . . . èçâåñòíîãî êëàññà S [8]
ñïðàâåäëèâî íåðàâåíñòâî

|c3 − c22| 6 1.

Ðàâåíñòâî äîñòèãàåòñÿ äëÿ ôóíêöèè Ê¼áå f(z) = z/(1 − z)2. Ñ ïîìîùüþ ýêñòðåìàëüíûõ
ðàçáèåíèé [1] äàäèì íîâîå äîêàçàòåëüñòâî îöåíêè â êëàññå

∑
, ïîëó÷åííîé ðàíåå Ã.Ì. Ãîëó-

çèíûì [20]. Çàìåòèì, ÷òî, ïî ñðàâíåíèþ ñ êëàññîì S, n-å òåëî êîýôôèöèåíòîâ â êëàññå
∑

èìååò áîëåå ñëîæíóþ ñòðóêòóðó. Òî÷íûå îöåíêè ÷åòâåðòîãî è ñëåäóþùèõ çà íèì êîýôôè-
öèåíòîâ â ýòîì êëàññå äî ñèõ ïîð íåèçâåñòíû.

Òåîðåìà 9 [20]. Äëÿ ôóíêöèé

f(z) = z + a0 +
a1
z

+
a2
z2

+ . . .

êëàññà
∑

ñïðàâåäëèâà òî÷íàÿ îöåíêà

|a2| 6
2

3
,
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ïðè÷åì ðàâåíñòâî äîñòèãàåòñÿ â ñëó÷àå f(z) = z(1 + z−3)2/3.
Ä î ê à ç à ò å ë ü ñ ò â î. Èçâåñòíî, ÷òî ýêñòðåìàëüíîé ñèñòåìîé îáëàñòåé â çàäà÷å

î ìàêñèìóìå ìåáèóñîâà èíâàðèàíòà I4 ÿâëÿåòñÿ ñèñòåìà êðóãîâûõ îáëàñòåé êâàäðàòè÷íîãî
äèôôåðåíöèàëà

Q(ζ)dζ2 = −ζ(ζ3 + 8)

(ζ3 − 1)2
dζ2. (17)

(ñì., íàïðèìåð, [1, c. 25], à òàêæå [6]). Ó÷èòûâàÿ èíâàðèàíòíîñòü âåëè÷èíû I4 îòíîñèòåëü-
íî âñåõ äðîáíî-ëèíåéíûõ ïðåîáðàçîâàíèé, çàìåòèì, ÷òî ýêñòðåìàëüíîé ñèñòåìîé îáëàñòåé
çàäà÷è I4 → max ÿâëÿåòñÿ òàêæå ñèñòåìà êðóãîâûõ îáëàñòåé ëþáîãî êâàäðàòè÷íîãî äèô-
ôåðåíöèàëà âèäà

Q∗(w)dw2 = −k3w(w3k3 + 8)

(w3k3 − 1)2
dw2, (18)

ïîëó÷åííîãî èç êâàäðàòè÷íîãî äèôôåðåíöèàëà (17) ïðåîáðàçîâàíèåì ζ = kw (k ∈ C \ {0}).
Êâàäðàòè÷íûé äèôôåðåíöèàë (18) èìååò ÷åòûðå ïîëþñà âòîðîãî ïîðÿäêà:

w1 = ∞, w2 =
1

k
, w3 =

1

k
· ei

2π
3 , w4 =

1

k
· e−i 2π

3 ,

÷åòûðå ïðîñòûõ íóëÿ:

w5 = 0, w6 = −2

k
, w7 = −2

k
· ei

2π
3 , w8 = −2

k
· e−i 2π

3 .

Åãî êðóãîâûå îáëàñòè îãðàíè÷åíû òðåìÿ îòðåçêàìè, èñõîäÿùèìè èç íóëÿ è çàêàí÷èâàþùè-
ìèñÿ â òî÷êàõ w6, w7, w8, à òàêæå êðóãîâûìè äóãàìè, ñîåäèíÿþùèìè ïàðû òî÷åê w6 è w7,
w7 è w8, w8 è w6.

Äëÿ ïðîèçâîëüíûõ r ∈ (0, 1), φ ∈ R ðàññìîòðèì òåïåðü k = reiφ 3
√

(1− r3)−2 è ôóíêöèþ

w = F (z) = z
3

√√√√(1− 1

(eiφz)3

)2

,

îòîáðàæàþùóþ âíåøíîñòü åäèíè÷íîãî êðóãà U∗
z = {z : |z| > 1} îäíîëèñòíî íà ïëîñêîñòü

Cw ñ ðàçðåçàìè ïî òðåì îòðåçêàì, èñõîäÿùèì èç íóëÿ ïîä ðàâíûìè óãëàìè è çàêàí÷èâàþ-
ùèìñÿ â òî÷êàõ 3

√
2e−i(φ+π), 3

√
2e−i(φ−π

3
), 3

√
2e−i(φ+π

3
). Ïðè îòîáðàæåíèè ôóíêöèåé F (z) â

U∗
z ïîëþñàì âòîðîãî ïîðÿäêà êâàäðàòè÷íîãî äèôôåðåíöèàëà (18) ñîîòâåòñòâóþò òî÷êè

z1 = ∞, z2 =
1

r
e−iφ, z3 =

1

r
e−i(φ− 2π

3
), z4 =

1

r
e−i(φ+ 2π

3
);

à êðóãîâûì îáëàñòÿì ýòîãî äèôôåðåíöèàëà ñîîòâåòñòâóåò íåêîòîðûé íàáîð ïîïàðíî íåíà-
ëåãàþùèõ îäíîñâÿçíûõ îáëàñòåé Dk, k = 1, . . . , 4, óäîâëåòâîðÿþùèõ óñëîâèÿì: zk ∈ Dk ⊂

U∗
z , k = 1, . . . , 4,

4∪
k=1

Dk = U
∗
z. Ñëåäîâàòåëüíî, äëÿ ëþáîé ôóíêöèè f êëàññà

∑
ñïðàâåäëèâî

íåðàâåíñòâî

4∏
k=1

r(f(Dk), f(zk)){ ∏
26k<l64

|f(zk)− f(zl)|

}2/3
6

4∏
k=1

r(F (Dk), F (zk)){ ∏
26k<l64

|F (zk)− F (zl)|

}2/3
.

Îòñþäà
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∣∣∣∣∣ f ′(z2)f
′(z3)f

′(z4)

{(f(z2)− f(z3))(f(z2)− f(z4))(f(z3)− f(z4))}2/3

∣∣∣∣∣ 6
6
∣∣∣∣∣ F ′(z2)F

′(z3)F
′(z4)

{(F (z2)− F (z3))(F (z2)− F (z4))(F (z3)− F (z4))}2/3

∣∣∣∣∣ . (19)

Ïîäñòàâëÿÿ â îáå ÷àñòè ïîëó÷åííîãî íåðàâåíñòâà

z2 =
1

r
e−iφ, z3 =

1

r
e−i(φ− 2π

3
), z4 =

1

r
e−i(φ+ 2π

3
),

ïðè r → 0 ïîñòåïåííî âû÷èñëÿåì:

f(z2) = f

(
1

r
e−iφ

)
=

e−iφ

r
+ a0 + eiφra1 + e2iφr2a2 + o(r2),

f(z3) = f

(
1

r
e−i(φ− 2π

3
)

)
=

e−i(− 2π
3
+φ)

r
+ a0 + ei(−

2π
3
+φ)ra1 + e2i(−

2π
3
+φ)r2a2 + o(r2),

f(z4) = f

(
1

r
e−i(φ+ 2π

3
)

)
=

e−i( 2π
3
+φ)

r
+ a0 + ei(

2π
3
+φ)ra1 + e2i(

2π
3
+φ)r2a2 + o(r2),

 ∏
36k<l64

(f(zk)− f(zl))


2/3

=
3
(
ie−3iφ

)2/3
r2

+
6ia2r

(ie−3iφ)1/3
+ o(r),

f ′(z2) = f ′
(
1

r
e−iφ

)
= 1− e2iφr2a1 − 2e3iφr3a2 + o(r3),

f ′(z3) = f ′
(
1

r
e−i(φ− 2π

3
)

)
= 1− e2i(−

2π
3
+φ)r2a1 − 2e3i(−

2π
3
+φ)r3a2 + o(r3),

f ′(z4) = f ′
(
1

r
e−i(φ+ 2π

3
)

)
= 1− e2i(

2π
3
+φ)r2a1 − 2e3i(

2π
3
+φ)r3a2 + o(r3),

4∏
k=2

|f ′(zk)| = 1− 6
(
e3iφa2

)
r3 + o(r3),

∣∣∣∣∣∣∣∣∣∣∣

4∏
k=2

f ′(zk){ ∏
26k<l64

(f(zk)− f(zl))

}2/3

∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣ r2

3 (ie−3iφ)2/3
− 8ia2r

5

3 (ie−3iφ)5/3
+ o(r5)

∣∣∣∣∣ =

=

∣∣∣∣r23 − 8a2r
5

3e−3iφ
+ o(r5)

∣∣∣∣ , r → 0.

Òî÷íî òàê æå ∣∣∣∣∣∣∣∣∣∣∣

4∏
k=2

F ′(zk){ ∏
26k<l64

(F (zk)− F (zl))

}2/3

∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣r23 +
16r5

9
+ o(r5)

∣∣∣∣ , r → 0.
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Îêîí÷àòåëüíî íåðàâåíñòâî (19) ïðè r → 0 äàåò

∣∣1− 8a2e
3iφr3 + o(r3)

∣∣ 6 ∣∣∣∣1 + 16

3
r3 + o(r3)

∣∣∣∣ .
Ïåðåõîäÿ ê ïðåäåëó ïðè r → 0, ïîëó÷àåì

Re
[
a2e

3iφ
]
> −2

3
.

Â ñèëó ïðîèçâîëüíîñòè φ ∈ R ýòî íåðàâåíñòâî îçíà÷àåò, ÷òî

|a2| 6
2

3
.

Ñëó÷àé ðàâåíñòâà ïðîâåðÿåòñÿ íåïîñðåäñòâåííî.
Ñëåäóþùèé ðåçóëüòàò ÿâëÿåòñÿ, ïî-âèäèìîìó, íîâûì.

Òåîðåìà 10. Åñëè ôóíêöèÿ f(z) = z +
∞∑
k=0

akz
−k ïðèíàäëåæèò êëàññó

∑
, òî ñïðàâåä-

ëèâî íåðàâåíñòâî

|a21 + 2a3| 6 1.

Ðàâåíñòâî äîñòèãàåòñÿ â ñëó÷àå f(z) = z + z−1.
Ä î ê à ç à ò å ë ü ñ ò â î. Ïîëàãàÿ â íåðàâåíñòâå (12) n = 2, z1 = Reiθ, z2 = −Reiθ, γ1 =

z1, γ2 = z2, ïðèõîäèì ê îöåíêå∣∣∣∣ 1

6(f ′(z1))2

(
z21Sf (z1)−

6R2

(R2 + 1)2

)
+

1

6(f ′(z2))2

(
z22Sf (z2)−

6R2

(R2 + 1)2

)
+

+
2z1z2

(f(z1)− f(z2))2

∣∣∣∣ 6 1

4

(
R2 + 1

R2 − 1

)2(
1

|f ′(z1)|2
+

1

|f ′(z2)|2

)
. (20)

Ïîäñòàíîâêà àñèìïòîòè÷åñêèõ ðàçëîæåíèé

f(z1) = eiθR+ a0 +
a1
eiθR

+
a2

e2iθR2
+

a3
e3iθR3

+ o

(
1

R3

)
,

f(z2) = −eiθR+ a0 −
a1
eiθR

+
a2

e2iθR2
− a3

e3iθR3
+ o

(
1

R3

)
,

f ′(z1) = 1− a1
e2iθR2

− 2a2
e3iθR3

− 3a3
e4iθR4

+ o

(
1

R4

)
,

f ′(z2) = 1− a1
e2iθR2

+
2a2

e3iθR3
− 3a3

e4iθR4
+ o

(
1

R4

)
,

Sf (z1) = − a1
e4iθR4

+ o

(
1

R4

)
,

Sf (z2) = − a1
e4iθR4

+ o

(
1

R4

)
, R → ∞,

ïðèâîäèò íåðàâåíñòâî (20) ê âèäó

1

2
+

2 + Re
(
e−2iθa1

)
R2

+
−8 + |a1|2 + 8Re

(
e−2iθa1

)
+Re e−4iθ

(
18a21 + 38a3

)
R4

+ o

(
1

R4

)
6

6 1

2
+

2 + Re
(
e−2iθa1

)
R2

+
8 + |a1|2 + 8Re

(
e−2iθa1

)
+Re e−4iθ

(
2a21 + 6a3

)
R4

+o

(
1

R4

)
, R → ∞.
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Ïîñëå ïðîñòûõ ïðåîáðàçîâàíèé è ïåðåõîäà ê ïðåäåëó ïðè R → ∞, ïîëó÷àåì

Re e−4iθ
(
a21 + 2a3

)
6 1.

Èñïîëüçóÿ ïðîèçâîëüíîñòü θ ∈ R, ïðèõîäèì ê òðåáóåìîìó íåðàâåíñòâó. Ñëó÷àé ðàâåíñòâà
î÷åâèäåí. Òåîðåìà äîêàçàíà.

Ðàíåå Ã.Ì. Ãîëóçèíûì áûëî óñòàíîâëåíî áîëåå ñèëüíîå, ÷åì â òåîðåìå 10, íåðàâåíñòâî,
ñïðàâåäëèâîå òîëüêî äëÿ ôóíêöèé f̃ êëàññà

∑
òàêèõ, ÷òî ìíîæåñòâî Cw \ f({z : |z| > 1})

çâåçäîîáðàçíî îòíîñèòåëüíî íà÷àëà êîîðäèíàò.

Òåîðåìà 11. Â êëàññå
∑

ôóíêöèé f(z) = z +
∞∑
k=0

akz
−k ñïðàâåäëèâà òî÷íàÿ îöåíêà

|a31 + 3a1a3 + 3a22 + 3a5| 6 1

ñ ðàâåíñòâîì â ñëó÷àå f(z) = z + z−1.
Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü δk, k = 1, . . . , n, � ïðîèçâîëüíûå âåùåñòâåííûå ÷èñëà,

óäîâëåòâîðÿþùèå óñëîâèþ
n∑

k=1

δk = 0, è ïóñòü Fk = f ◦ hk, k = 1, . . . , n, � ôóíêöèè èç

äîêàçàòåëüñòâà òåîðåìû 7. Ïðèìåíÿÿ íåðàâåíñòâî Íåõàðè (ñì. [8, c. 551]), íàõîäèì

n∏
k=1

∣∣F ′
k(0)

∣∣δ2k 6
n∏

k=1

n∏
l=1
l ̸=k

|Fk(0)− Fl(0)|−δkδl .

Çàìå÷àÿ, ÷òî

Fk(0) = f(zk), F ′
k(0) = f ′(zk)h

′
k(0), |h′k(0)| =

4R

n

Rn − 1

Rn + 1
, k = 1, . . . , n,

ïîëó÷àåì íåðàâåíñòâî

(
4R

n

Rn − 1

Rn + 1

) n∑
k=1

δ2k n∏
k=1

∣∣f ′(zk)
∣∣δ2k 6

n∏
k=1

n∏
l=1
l ̸=k

|f(zk)− f(zl)|−δkδl . (21)

Ïîëàãàÿ â (21) n = 6, δk = (−1)k+1, zk = Rei(θ+
2π(k−1)

6
), k = 1, . . . , 6, R > 1, ïðèõîäèì ê

íåðàâåíñòâó ∣∣∣∣∣∣∣∣∣∣∣

6∏
k=1

f ′(zk)

6∏
k=1

6∏
l=1
l ̸=k

(f(zk)− f(zl))2

∣∣∣∣∣∣∣∣∣∣∣
6
(

3

2R

R3 + 1

R3 − 1

)6

.

Ñðàâíåíèå àñèìïòîòè÷åñêèõ ðàçëîæåíèé îáåèõ ÷àñòåé ýòîãî íåðàâåíñòâà ïðè R → ∞ çà-
âåðøàåò äîêàçàòåëüñòâî òåîðåìû 11.

4. Íåðàâåíñòâà äëÿ ïîëèíîìîâ

Ñëåäóþùàÿ íèæå ëåììà ÿâëÿåòñÿ ìîäèôèêàöèåé òåîðåìû 1.3 ðàáîòû [17], óñòàíîâëåí-
íîé ñ ïîìîùüþ ðàçäåëÿþùåãî ïðåîáðàçîâàíèÿ êîíäåíñàòîðîâ (ðàçáèåíèÿ êîíäåíñàòîðîâ) è
ñèììåòðèçàöèè.
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Ëåììà 1. Ïóñòü ôóíêöèÿ f ðåãóëÿðíà â êðóãå U è óäîâëåòâîðÿåò â ýòîì êðóãå óñëî-

âèþ |f | < 1. Ïðåäïîëîæèì, ÷òî ýòà ôóíêöèÿ è åå ïðîèçâîäíàÿ îïðåäåëåíû òàêæå â ðàç-

ëè÷íûõ ãðàíè÷íûõ òî÷êàõ zk òàêèõ, ÷òî òî÷êè wk = f(zk) ðàñïîëîæåíû íà åäèíè÷íîé

îêðóæíîñòè, k = 1, 2, 3. Òîãäà∣∣∣∣∣
3∏

k=1

f ′(zk)

∣∣∣∣∣ >
∣∣∣∣(w1 − w2)(w2 − w3)(w3 − w1)

(z1 − z2)(z2 − z3)(z3 − z1)

∣∣∣∣ .
Ðàâåíñòâî äîñòèãàåòñÿ äëÿ äðîáíî-ëèíåéíûõ àâòîìîðôèçìîâ f êðóãà U è ëþáûõ ðàçëè÷-

íûõ òî÷åê zk íà îêðóæíîñòè |z| = 1, k = 1, 2, 3.
Ä î ê à ç à ò å ë ü ñ ò â î. Ìîæíî ñ÷èòàòü, ÷òî òî÷êè wk, k = 1, 2, 3, ðàñïîëîæåíû

íà åäèíè÷íîé îêðóæíîñòè ïî ÷àñîâîé ñòðåëêå. Îáîçíà÷èì ÷åðåç Ψ äðîáíî-ëèíåéíîå îòîá-
ðàæåíèå êðóãà |w| < 1 íà ñåáÿ, ïåðåâîäÿùåå òî÷êè wk, k = 1, 2, 3, ñîîòâåòñòâåííî â òî÷êè
zk, k = 1, 2, 3. Ïîëüçóÿñü èíâàðèàíòíîñòüþ èçâåñòíîãî ôóíêöèîíàëà â çàäà÷å î òðåõ íåíà-
ëåãàþùèõ îáëàñòÿõ ëèáî íåïîñðåäñòâåííî âû÷èñëÿÿ ïðîèçâîäíûå ôóíêöèè Ψ, ïîëó÷àåì

1

|(w1 − w2)(w2 − w3)(w3 − w1)|
=

∣∣∣∣ 3∏
k=1

Ψ′(wk)

∣∣∣∣
|(z1 − z2)(z2 − z3)(z3 − z1)|

.

Ñ äðóãîé ñòîðîíû, ïî òåîðåìå 1.3 [17], ïðèìåíåííîé ê ôóíêöèè Ψ ◦ f ,∣∣∣∣∣
3∏

k=1

Ψ′(wk)f
′(zk)

∣∣∣∣∣ > 1.

Ëåììà äîêàçàíà.
Õîðîøî èçâåñòíî, ÷òî äëÿ ïîëèíîìîâ P ñ íóëÿìè â êðóãå |z| 6 1 âûïîëíÿåòñÿ íåðàâåí-

ñòâî

Re
zP ′(z)

P (z)
> n

2
, |z| = 1,

(ñì., íàïðèìåð, [21]). Â äîïîëíåíèå ê ýòîìó íåðàâåíñòâó ñïðàâåäëèâî ñëåäóþùåå óòâåðæäå-
íèå.

Òåîðåìà 12. Ïóñòü P � ïîëèíîì ñòåïåíè n ñ íóëÿìè, ðàñïîëîæåííûìè â êðóãå |z| 6 1.
Òîãäà äëÿ ëþáûõ òî÷åê zk, k = 1, 2, 3, åäèíè÷íîé îêðóæíîñòè |z| = 1, îòëè÷íûõ îò íóëåé

ïîëèíîìà P , ñïðàâåäëèâî íåðàâåíñòâî

3∏
k=1

(
Re

zkP
′(zk)

P (zk)
− n

2

)
> 1

6
√
3

3∏
k=1

∣∣∣∣∣znkP (zk)

P (zk)
−

znk+1P (zk+1)

P (zk+1)

∣∣∣∣∣ ,
ãäå ïîëàãàåì z4 = z1. Ðàâåíñòâî äîñòèãàåòñÿ äëÿ ïîëèíîìîâ P (z) = a1z+ a2z

2 + ...+ anz
n,

âñå íåíóëåâûå êîðíè êîòîðûõ ðàñïîëîæåíû íà åäèíè÷íîé îêðóæíîñòè.

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì ðåãóëÿðíóþ â êðóãå |z| 6 1 ôóíêöèþ f(z) =

P (z)/
(
znP (1/z)

)
, ãäå P (z) = anz

n + an−1z
n−1 + ... + a1z + a0 � óêàçàííûé â ôîðìóëè-

ðîâêå òåîðåìû ïîëèíîì. Åñëè α1, . . . , αn � êîðíè ïîëèíîìà P , òî P (z) = an
n∏

k=1

(z − αk) è,

ñëåäîâàòåëüíî,

f(z) =
an
an

n∏
k=1

(z − αk)

(1− αkz)
.

Îòñþäà âèäíî, ôóíêöèÿ f óäîâëåòâîðÿåò óñëîâèÿì ëåììû 1 ïðè ëþáûõ ðàçëè÷íûõ òî÷êàõ
zk, k = 1, 2, 3, ðàñïîëîæåííûõ íà îêðóæíîñòè |z| = 1. Ïðÿìûå âû÷èñëåíèÿ äàþò

f ′(z) =
P ′(z)znP (1/z)− P (z)(znP (1/z))′

(znP (1/z))2
=
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=
P ′(z)znP (1/z)− P (z)(nzn−1P (1/z)− zn−2P ′(1/z))

(znP (1/z))2
.

Ïîýòîìó

|f ′(zk)| =

∣∣∣∣∣P ′(zk)z
2
kP (zk)− P (zk)nzkP (zk) + P (zk)P ′(zk)

(P (zk))2

∣∣∣∣∣ =
=

1

|(P (zk))2|
|P (zk)|2

∣∣∣∣∣P ′(zk)z
2
k

P (zk)
− nzk +

P ′(zk)

P (zk)

∣∣∣∣∣ =
=

∣∣∣∣∣P ′(zk)zk
P (zk)

− n+
zkP ′(zk)

P (zk)

∣∣∣∣∣ =
∣∣∣∣2ReP ′(zk)zk

P (zk)
− n

∣∣∣∣ .
Äàëåå

|f(zk)− f(zk+1)| =

∣∣∣∣∣ P (zk)

znkP (zk)
− P (zk+1)

znk+1P (zk+1)

∣∣∣∣∣ =
∣∣∣∣∣znkP (zk)

P (zk)
−

znk+1P (zk+1)

P (zk+1)

∣∣∣∣∣ , k = 1, 2, 3.

Ïðèìåíåíèå ëåììû 1 è íåðàâåíñòâà Øóðà

|(z1 − z2)(z2 − z3)(z3 − z1)| 6 3
√
3

çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû 12.
Ïóñòü òåïåðü P � ïðîèçâîëüíûé ïîëèíîì ñòåïåíè n. Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:
L(P ) = min{ReP (z) : |z| = 1};
H(P ) = max{ReP (z) : |z| = 1};
ζ = Φ(ω) � êîíôîðìíîå è îäíîëèñòíîå îòîáðàæåíèå âíåøíîñòè îòðåçêà γ := [2L(P ), 2H(P )]

íà êðóã |ζ| < 1 òàêîå, ÷òî Φ(∞) = 0, Φ(2L(P )) = −1.
Ðàññìîòðèì ôóíêöèþ

F (z) = z1−nΦ
(
P (1/z) + P (z)

)
, |z| < 1, P (1/z) + P (z) ̸∈ γ.

Ïî ëåììå 2.2 ðàáîòû [17] ìíîæåñòâî {z : |z| < 1, P (1/z) + P (z) ̸∈ γ, |F (z)| ̸= 1} ñîñòîèò
èç êîíå÷íîãî ÷èñëà îáëàñòåé {G} ñ êóñî÷íî-ãëàäêèìè ãðàíèöàìè, ïðè÷åì åñëè îáëàñòü G
íå ñîäåðæèò íà÷àëî êîîðäèíàò, òî F (G) ëåæèò âíå åäèíè÷íîãî êðóãà, à åñëè 0 ∈ G, òî F (z)
êîíôîðìíî è îäíîëèòñòíî îòîáðàæàåò îáëàñòü G íà êðóã Uw. Åñëè òåïåðü z � ðåãóëÿðíàÿ
äëÿ F (z) òî÷êà îêðóæíîñòè |z| = 1 è îäíîâðåìåííî F (G) ëåæèò âíå êðóãà U , òî â ýòîé
òî÷êå äîëæíî âûïîëíÿòüñÿ íåðàâåíñòâî

DF (z) :=
∂|F |
∂|z|

6 0.

Â äîïîëíåíèå ê òåîðåìàì 4.2 è 4.3 ðàáîòû [17] ïðèâåäåì ñëåäóþùåå óòâåðæäåíèå, ïîëàãàÿ,
êàê îáû÷íî, [x]+ := max{x, 0}.

Òåîðåìà 13. Ïóñòü P � ïîëèíîì ñòåïåíè n è ïóñòü ôóíêöèÿ F îïðåäåëåíà âûøå.

Òîãäà äëÿ ëþáûõ òðåõ ðàçëè÷íûõ òî÷åê zk, k = 1, 2, 3, íà îêðóæíîñòè |z| = 1, â êîòîðûõ

îïðåäåëåíû ïðîèçâîäíûå DF (zk), âûïîëíÿåòñÿ íåðàâåíñòâî

3∏
k=1

[DF (zk)]
+ 6

∣∣∣∣(F (z1)− F (z2))(F (z2)− F (z3))(F (z3)− F (z1))

(z1 − z2)(z2 − z3)(z3 − z1)

∣∣∣∣ . (22)

Ðàâåíñòâî â (22) äîñòèãàåòñÿ â ñëó÷àå P (z) = czn, ãäå c � ïðîèçâîëüíàÿ âåùåñòâåííàÿ

ïîñòîÿííàÿ, îòëè÷íàÿ îò íóëÿ.
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Ä î ê à ç à ò å ë ü ñ ò â î. Åñëè õîòÿ áû îäíà òî÷êà zk, 1 6 k 6 3, ïðèíàäëåæèò
ãðàíèöå îáëàñòè G èç îïðåäåëåíèÿ ôóíêöèè F è 0 ̸∈ G, òî DF (zk) 6 0 è íåðàâåíñòâî
(22) î÷åâèäíî. Ïóñòü òåïåðü âñå òðè òî÷êè zk, k = 1, 2, 3, ëåæàò íà ãðàíèöå îáëàñòè G,
ñîäåðæàùåé íà÷àëî êîîðäèíàò. Ïðèìåíÿÿ ëåììó 1 ê ñóïåðïîçèöèè F−1 ◦ Ψ−1, ïðèõîäèì ê
òðåáóåìîìó íåðàâåíñòâó. Â ñëó÷àå P (z) = czn èìååì F (z) = z, ÷òî äàåò ðàâåíñòâî â (22).
Òåîðåìà äîêàçàíà.

Äëÿ âû÷èñëåíèÿ ïðîèçâîäíûõ â ëåâîé ÷àñòè íåðàâåíñòâà (22) ïðåäñòàâèì ôóíêöèþ ζ =
Φ(ω) â âèäå ñóïåðïîçèöèè

ζ = η +
√

η2 − 1, η =
ω −H(P )− L(P )

H(P )− L(P )
,

ãäå âåòâü êîðíÿ âûáðàíà ïîäõîäÿùèì îáðàçîì. Çàìåòèì, ÷òî ïðè |z| = 1 òî÷êà ω = P (1/z)+
P (z) ∈ γ è η := u+ iv ∈ [−1, 1]. Ïîýòîìó

|ζ ′(η)| =
∣∣∣∣1± ui√

1− u2

∣∣∣∣ = 1√
(1− u)(1 + u)

, −1 < u < 1.

Ó÷èòûâàÿ ïîñëåäíåå çàìå÷àíèå,

DF (z) = 1− n+
2|Im (P ′(1/z)/z)|√

(1− u)(1 + u)(H(P )− L(P ))
=

= 1− n+
|Im (P ′(1/z)/z)|√

(Re P (1/z)− L(P ))(H(P )− Re P (1/z))
> 1− n+

2|Im (P ′(1/z)/z)|
H(P )− L(P )

.

Îòñþäà âèäíî, ÷òî íåðàâåíñòâî (22) ïðåäñòàâëÿåò ñîáîé íåêîòîðîå äîïîëíåíèå ê íåðàâåí-
ñòâàì áåðíøòåéíîâñêîãî òèïà, ïðè÷åì ñïðàâåäëèâîå äëÿ ëþáûõ ðàçëè÷íûõ òî÷åê zk (íå
îáÿçàòåëüíî òî÷åê ðåãóëÿðíîñòè ôóíêöèè F ). Ìû âûáðàëè çàïèñü (22) ÷åðåç ôóíêöèþ F
èñêëþ÷èòåëüíî ââèäó åå ëàêîíè÷íîñòè. Ñõîäíûì îáðàçîì óñòàíàâëèâàåòñÿ àíàëîã òåîðåìû
13 ñ çàìåíîé ôóíêöèè F íà ôóíêöèþ

F̃ (z) = zΦ
(
znP (1/n) + z−nP (z)

)
,

ãäå â îïðåäåëåíèè ôóíêöèè Φ ïîëèíîì P (z) çàìåíÿåòñÿ íà z−nP (z).
Òåîðåìà 14. Ïðåäïîëîæèì, ÷òî ïîëèíîì P ñòåïåíè n ñ âåùåñòâåííûìè êîýôôèöè-

åíòàìè óäîâëåòâîðÿåò óñëîâèÿì: max{P (z) : z ∈ [−1, 1]} = P (1) = 1 è min{P (z) : z ∈
[−1, 1]} = −1. Òîãäà äëÿ ëþáîé òî÷êè x íà èíòåðâàëå (−1, 1) âûïîëíÿåòñÿ íåðàâåíñòâî

[√
P ′(1) + 1− n

]+{[ |P ′(x)|
√
1− x2√

1− P 2(x)
+ 1− n

]+}2

6 sinφ sin2(φ/2)

sin θ sin2(θ/2)
,

ãäå φ = arccosP (x) + (1− n) arccosx, θ = arccosx. Ðàâåíñòâî äîñòèãàåòñÿ äëÿ ïîëèíîìîâ

×åáûøåâà Tn(z) ïåðâîãî ðîäà ïðè ëþáûõ x ∈ (−1, 1).
Ä î ê à ç à ò å ë ü ñ ò â î. Îáîçíà÷èì ÷åðåç Φ òó âåòâü ôóíêöèè, îáðàòíîé ôóíêöèè

Æóêîâñêîãî, äëÿ êîòîðîé Φ(∞) = 0. Ê ôóíêöèè

F (z) = z1−nΦ (P ((z + 1/z)/2))

ïðèìåíèìû ðàññóæäåíèÿ, àíàëîãè÷íûå ëåììå 2.2 ðàáîòû [17] (ñì. òàêæå ëåììó 2.3). Ïî-
âòîðÿÿ äîêàçàòåëüñòâî ïðåäûäóùåé òåîðåìû, ïðèõîäèì ê íåðàâåíñòâó, ñîâïàäàþùåìó ïî
ôîðìå ñ íåðàâåíñòâîì (22), ãäå z1 = eiθ, z2 = 1, z3 = e−iθ. Ïðÿìûå âû÷èñëåíèÿ äàþò

DF (z) = 1− n+
|P ′(x)|

√
1− x2√

1− P 2(x)
, z = eiθ, θ = arccosx, −1 < x < 1;
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DF (1) = 1− n+
√

P ′(1);

|(z1 − z2)(z2 − z3)(z3 − z1)| = 8 sin θ sin2(θ/2);

|(F (z1)− F (z2))(F (z2)− F (z3))(F (z3)− F (z1))| = 8 sinφ sin2(φ/2).

Îòñþäà âûòåêàåò íåðàâåíñòâî òåîðåìû 14. ×òî êàñàåòñÿ ñëó÷àÿ, êîãäà äîñòèãàåòñÿ ðàâåí-
ñòâî, òî äîñòàòî÷íî çàìåòèòü, ÷òî åñëè P (z) ≡ Tn(z), òî F (z) ≡ z. Òåîðåìà äîêàçàíà.
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ABSTRACT

The applications of the extremal decompositions of the domains and condensers in
the geometric function theory are considered. We prove new theorems for the families
of meromorphic functions without common values, the multipoint distortion theo-
rems and the estimates of the coe�cients for univalent functions. Also, we get some
new inequalities for polynomials. All results are obtained by the uni�ed method using
the suitable properties of the extremal decompositions. Previously, these properties
were established by capacity approach and symmetrization.
Key words: meromorphic functions, Schwarzian derivative, distortion theorems, esti-

mates of the coe�cients, polynomials, extremal decompositions, condenser capacity.
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